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A COMPARISON OF THE GEORGESCU AND VASY SPACES ASSOCIATED
TO THE N -BODY PROBLEMS
BERND AMMANN, JE´RE´MY MOUGEL, AND VICTOR NISTOR
ABSTRACT. We show that the space introduced by Vasy in order to construct a pseudo-
differential calculus adapted to theN -body problem can be obtained as the primitive ideal
spectrum of one of the N -body algebras considered by Georgescu. In the process, we
provide an alternative description of the iterated blow-up space of a manifold with corners
with respect to a clean semilattice of adapted submanifolds (i.e. p-submanifolds). Since
our constructions and proofs rely heavily on manifolds with corners and their submani-
folds, we found it necessary to clarify the various notions of submanifolds of a manifold
with corners.
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2 B. AMMANN, J. MOUGEL, AND V. NISTOR
INTRODUCTION
We show that the space introduced by Vasy in [21, 22] in relation to theN -body problem
coincides with the primitive ideal spectrum of the algebras considered by Georgescu and
others in [4, 6, 7, 18]. Here we use the variant introduced in [18]. We will briefly describe
the construction of theses spaces here in the introduction, a more detailed account of these
definitions will be provided in the main body of this article.
The space considered by Vasy was defined using blow-ups of manifolds with corners.
Let throughout this paper M be a manifold with corners. A submanifold will be called
closed if it is a closed subset of the larger manifold in the sense of a topological spaces.
Recall that a p-submanifold P ⊂M is a closed submanifold ofM that has a suitable tubu-
lar neighborhood in M (Definition 1.14), and hence one that has a tubular neighborhood
P ⊂ UP ⊂M inM .
For any p-submanifold P ⊂ M , recall that the blow-up [M : P ] of M with respect to
P , is defined by replacing P with the set NM+ P of interior directions in the normal bundle
NMP of P in M (see [8, 15], or Definiton 2.1). This construction has some special
properties if P = ∅ or if P contains an open subset ofM . For this reason, a manifold with
one of these two properties will be called a trivial submanifold of M and sometimes will
be excluded from our consideration.
Since Vasy’s construction uses blow-ups, we begin this paper with their study. More
precisely, we shall study and use the blow-up of a manifold with corners with respect
to a family of p-submanifolds. If this family has clean intersections, the blow-up can
be defined iteratively as in [1, 11, 15] and in other papers. Our method is based on an
alternative definition of the blow-up with respect to a family of p-submanifolds. More
precisely, let us consider a locally finite family F of non-trivial p-submanifolds ofM and
let MF := M r
⋃
P∈F Y be the complement of all the submanifolds in F . ThenMF is
open and dense inM and is contained in each of the blow-up manifolds [M : P ], P ∈ F .
Then we define the graph blow-up {M : F} of M with respect to the family F as the
closure
(1) {M : F} := δ(M0) ⊂
∏
P∈F
[M : P ] ,
where δ is the diagonal embedding (see Definition 3.1 and the discussion following it for
more details). For simplicity, in this paper, we shall consider the graph blow-up only with
respect to a locally finite family of non-trivial p-submanifolds that are closed subsets of the
ambient manifold.
In order to have a well-behaved graph blow-up, we shall impose some additional as-
sumptions on F . Recall that a family S of subsets of M is a semilattice (with respect to
the inclusion) if, for all P1, P2 ∈ S, we have P1 ∩ P2 ∈ S. Let then S be a semi-lattice of
p-submanifolds of M and arrange its elements in an order (∅ = P0, P1, P2, . . . , Pn) that
is assumed to be compatible with the inclusion, in the sense that
(2) Pi ⊂ Pj ⇒ i ≤ j .
We assume also that all non-empty members of S are non-trivial p-submanifold ofM , that
they are closed subsets ofM , and that any finite subset of manifold in S intersect cleanly
(in other words, we assume that S is a clean semilattice, see Definiton 4.3). Then we can
successively blow-up M with respect to (∅ = P0, P1, P2, . . . , Pn) by first doing so with
respect to P1, then doing so with respect to the lift of P2, and so on, to obtain in the end
the iterated blow-up [M : S] [1, 11, 15]. One of our main results is to prove that, if S is a
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locally finite clean semilattice, then there exists a unique diffeomorphism
(3) [M : S] ≃ {M : S}
that is the identity on the common open subset M r
⋃n
k=1 Pn (see Theorem 4.12). In
particular, [M : S] is independent of the initially chosen order on S, as long as it is
compatible with the inclusion.
We apply these results to the study of the N -body problem in the following way. Let
X denote be the spherical compactification of a finite-dimensional vector space X , with
boundary at infinity SX := XrX , with smooth structure defined by the central projection
of Lemma 5.2. Let F be a finite semilattice of linear subspaces of X . To F we associate
the semilattice S := {SY = SX ∩ Y | Y ∈ F} ∪ {∅}. In this application to the N -body
problem, the role of M will be played by X . Vasy has considered the space [X : S] in
order to define a pseudodifferential calculus adapted to the N -body problem, see [21, 22]
and the references therein. Inspired by Georgescu [4, 6, 7, 18], let us consider the norm
closed algebra
(4) ES(X) := 〈C(X/Y )〉
generated by all the spaces C(X/Y ) in L∞(X), with Y ∈ F . Note that this algebra will
be denoted ES(X) and not EF (X) in what follows, in order to keep with the notation of
[18]. It was proved in [18] that the spectrum ÊS(X) of ES(X) is the closure of the image
of X in the product
∏
Y ∈F X/Y . In this paper, we show that this closure coincides with
{X : S}. As a consequence, the identity idX : X → X extends to a homeomorphisms
from the compactification ÊS(X) introduced by Georgescu to the compactification [X : S]
introduced by Vasy. As the two compactifications coincide, we will henceforth call both
spaces “the Georgescu-Vasy space.”
Here are the contents of the paper. Section 1 contains backgroundmaterial on manifolds
with corners. In particular, we devote quite a little bit of effort to introduce and compare
several classes of submanifolds of manifolds with corners. Section 2 recalls the definition
of the blow-up of a manifold with corners with respect to a p-submanifold. In Section
3, we introduce the graph blow-up of a manifold with corners with respect to a set of
p-submanifolds and prove some of its first properties. In Section 4 we prove that, for
clean semilattices of p-submanifolds, the graph blow-up can also be obtained as an iterated
blow-up, which is one of the main technical results of this paper. In the last section, we
use the identification of the graph blow-up with the iterated blow-up to show that two
spaces, introduced independently by Georgescu and Vasy, are in fact the same (canonically
homeomorphic). Two appendices include some related topological results on proper maps
and on summanifolds of manifolds with corners. The reader can thus see that this paper is
heavily geometric, necessarily so since Vasy’s construction is geometric.
1. MANIFOLDS WITH CORNERS AND THEIR SUBMANIFOLDS
We begin with some background material, mostly about manifolds with corners. This
section contains few new results, but the presentation is new.
1.1. Manifolds with corners. We now introducemanifolds with corners and their smooth
structure. We also set up some important notation to be used throughout the paper. The
terminology used for manifold with corners is not uniform. Nevertheless, a good overview
of the concept of a manifold with corners can be found in [8, 10, 11, 16, 20], to which we
refer for the concepts not defined here and for further references. In this paper, we will
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mostly use the terminology introduced by Melrose and his coauthors, which predates most
of the other ones.
1.1.1. Smooth maps. We have the following standard definition.
Definition 1.1. Let U ⊂ Rnk and V ⊂ R
m
l be two open subsets and f = (f1, . . . , fm) :
U → V . We shall say that:
(a) f is smooth on U if there exists an open neighborhoodW of U in Rn such that f
extends to a smooth function f˜ :W → Rm.
(b) f is a diffeomorphism between U and V if f is a bijection and both f and f−1
are smooth.
1.1.2. Notation. For any finite dimensional real vector space Z , let SZ denote the set of
vector directions in Z , that is, the set of (non-constant) open half-lines R+v, with 0 6= v ∈
Z and R+ := (0,∞). We will also use the standard notation Sn−1 := SRn , for simplicity.
In particular, if Z is a euclidean (real) vector space, we identify SZ with the unit sphere
in Z . Informally, a manifold with corners is a topological space locally modeled on the
spaces
(5) Rnk := [0,∞)
k × Rn−k.
For k, n ∈ N = {0, 1 . . .} with k ≤ n, we let Sn−1k ⊂ R
n be
(6) Sn−1k := S
n−1 ∩ Rnk = {φ = (φ1, . . . φn) | ‖φ‖ = 1 and φi ≥ 0 for 1 ≤ i ≤ k},
where ‖.‖ is the euclidean norm.
Let us write 0V for the neutral element of a vector space V , when we want to stress the
space to which it belongs. We will often use maps between subsets of euclidean spaces,
and, as a rule, we will try not to permute the coordinates, and, moreover, our embedding
will be “first components embedings.” More precisely, let k′ ≤ k and n′− k′ ≤ n− k, we
shall then use with priority the canonical “first components” embedding given by:
(7)
R
n′
k′ ≃ [0,∞)
k′ × {0
Rk−k
′} × Rn
′−k′ × {0
Rn−n
′} ⊆ [0,∞)k × Rn−k = Rnk
(x′, x′′) 7→ (x′, 0
Rk−k
′ , x′′, 0
Rn−n
′ )
Other embeddings (involving permutations of the coordinates) between these sets will also
be considered, and they will explained separately. For instance, we shall sometimes find it
notationally convenient to use the canonical permutation of coordinates diffeomorphism
(8)
can : Rnk × R
n′
k′ ≃ R
n+n′
k+k′
(x′, x′′, y′, y′′) 7→ (x′, y′, x′′, y′′) ∈ [0,∞)k+k
′
× Rn+n
′−k−k′ ,
where x′ ∈ [0,∞)k and y′ ∈ [0,∞)k
′
. (Compare with Equation (5).) However, if nothing
else is mentioned, we consider the first components canonical embedding of Equation (7).
1.1.3. Charts and atlases. We shall use suitable charts to define the smooth structure on
manifolds with corners. LetM be a Hausdorff space. We proceed as in the case of smooth
manifolds (without corners).
Definition 1.2. A corner chart onM (or simply, “chart” in what follows) is a couple (U, φ)
with U an open subset of M and φ : U → Ω a homeomorphism onto an open subset
Ω of Rnk . Let (U, φ) and (U
′, φ′) be two corner charts with values in Rnk and in R
n′
k′ ,
respectively. Let V := U ∩U ′. We shall say that the corner charts (U, φ) and (U ′, φ′) are
compatible if V = ∅ or if
φ′ ◦ φ−1 : φ(V )→ φ′(V )
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is a diffeomorphism (see Definition 1.1) between the open subsets φ(V ) ⊂ Rnk and φ
′(V ) ⊂
Rnk′ .
Given a point m ∈ M and a corner chart (U, φ) with m ∈ U , we can always find a
corner chart (U ′, φ′), φ′ : U ′ → Rn
′
k′ , compatible with (U, φ) such that φ
′(m) = 0 and k′
is minimal.
Definition 1.3. A corner atlas A = {(Ua, φa), a ∈ A} on M is a family of compatible
corner charts such that M =
⋃
a∈A
Ua. Two corner atlases are called equivalent if their
union is again a corner atlas. A manifold with corners is defined to be a paracompact
Hausdorff space M with an equivalence class of corner atlases (on M ). In the following
we will drop the word “corner” before the words “chart” and “atlas.” In the context of
a manifold with corners, the terms “atlas” and “chart” will always mean “corner atlas”
and, respectively, “corner chart.”
A manifold with corners in the above sense is called a “t-manifold” in [15, Section 1.6].
IfM is manifold with corners, then the union of all its atlases is again an atlas, themaximal
atlas of M . An open subset of a manifold with corners is again, in an obvious way, a
manifold with corners. Many concepts extend from the case of manifolds without corners
to that of manifolds with corners.
Definition 1.4. Let f : M → M ′ be a map between two manifolds with corners. We
will say that f is smooth if, for any two charts (U, φ) of M and (U ′, φ′) of M ′, the map
φ′ ◦ f ◦ φ−1 is smooth on its domain of definition φ(f−1(U ′)). If f is a bijection and both
f and f−1 are smooth, we will say that f is a diffeomorphism.
The following are some examples of manifolds with corners that will be used in this
paper.
Example 1.5. Using the notation from Subsection 1.1.2, we have the following:
(i) Any open subset of Rnk := [0,∞)
k × Rn−k is a manifold with corners.
(ii) The sphere octant Sn−1k := S
n−1 ∩ Rnk of Equation (6) is a manifold with corners.
(iii) Any smooth manifold is a manifold with corners (even if it doesn’t have a boundary
or any true corners).
1.2. The boundary and boundary faces. We now fix some standard terminology to be
used in what follows. In particular, we need the intrinsic definition of the boundary of a
manifold with corners. The depth (in X) depthX(p) of a point p ∈ X is the number of
non-negative coordinate functions vanishing at p in any local coordinate chart at p. It is
the least k such that there exists a chart near U with values in Rnk . Let (M)k be the set of
points of M of depth k. It is a smooth manifold (no corners). Its connected components
are called the open boundary faces (or just the open faces) of codimension (or depth) k of
M . A boundary face of depth k is the closure of an open boundary face of depth k. It is
possible to construct a manifold with cornersM that has a boundary face F such that F is
not a manifold with corners for the induced smooth structure. More precisely, there areM
and F such that {f |F | f ∈ C∞(M)} is not the set of smooth functions on F for some
manifold-with-corners structure on F .
We will denote byMk(M) the set of all closed boundary faces of codimension k. In
particular, the boundary ∂M of M , defined as the set of all points of depth > 0, is given
by
(9) ∂M :=
⋃
H∈M1(M)
H.
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A boundary face ofM of codimension one will be called a hyperface in what follows. Thus
∂M is the union of the hyperfaces ofM . If H is a hyperface ofM and 0 ≤ x ∈ C∞(M)
is a function such that H = x−1(0) and dx 6= 0 on H , then x is called a boundary
defining function of H . As above, there are examples of hypersurfaces, that do not have a
boundary defining function. However, each boundary face F of codimension k can locally
be represented as F = {x1 = x2 = . . . = xk = 0}, where xj are boundary defining
functions of the hyperfaces containing F . Here “locally” means that, given p ∈ F , there is
an open neighborhood U of p in M such that the statement is true forM and F replaced
withM ∩ U and, respectively, with F ∩ U .
Remark 1.6. Note that in [15], by a “manifolds with corners” Melrose means a manifold
with corners in our sense that has the further property that each of its hyperfaces (and
hence each face) has a system of defining functions. Our definition is thus slightly more
general. Furthermore, the submanifolds in [15] are sometimes required to be connected,
which would be an inconvenient loss of generality for us. As the blow-up construction
below is local, the results of [15] extend trivially to our framework.
It is also convenient to consider an alternative approach to the definition of manifolds
with corners and of their smooth structure via embeddings, as in the next remark.
Remark 1.7. Every manifold with cornersM is contained in a smooth manifold M˜ of the
same dimension [3, 8, 11, 16, 15, 20]. It is then convenient to define
TM := TM˜ |M .
Up to a diffeomorphism, TM can be obtained by gluing the tangent spaces T (Rnk ) :=
Rnk ×R
n using an atlas ofM . We also let T+x M be the set of tangent vectors of TxM that
are inward-pointing or tangent to the boundary. It can be defined as the set of equivalence
classes of curves starting at x and completely contained in M . We finally let T+M :=⋃
x∈M T
+
x M with its projection map to M . Note that T
+M is not a fiber bundle, but
a fiberwise conical closed subset of the tangent space. We note, however, that ∂M is
intrinsically defined and sometimes it is not the topological boundary M r
◦
M of M ,
where the closure M and the interior
◦
M are computed in M˜ . For instance, when M :=
{x ∈ Rn | xn ≥ 0, ‖x‖ < 1} and M˜ = Rn, then ∂M = {x ∈ Rn | xn = 0, ‖x‖ < 1},
whereas the topological boundary of M is ∂M ∪ {x ∈ Rn | xn = 0, ‖x‖ = 1}, a bigger
set. In fact, we always have that ∂M is contained in the topological boundary ofM in M˜ .
Unlike ∂M , the topological boundary ofM in M˜ depends on M˜ .
1.3. Submanifolds of manifolds with corners. We now discuss several notions of sub-
manifolds of a manifold with corners.
1.3.1. Submanifolds and weak submanifolds. We follow [15, Definition 1.7.3] to define
submanifolds in manifolds with corners. Again, our definition differs slightly from Mel-
rose’s in that we do not require connectedness for the submanifold S or the ambient mani-
foldM ⊃ S.
Definition 1.8. A subset S of a manifold with corners M is a submanifold if, for every
p ∈ S, there exists k ∈ {0, 1, . . . , n} and a (corner) chart φ : U → Ω ⊂ Rnk , numbers
n′ ≤ n and k′ ≤ n′, and a matrix G ∈ GL(n,R) such that
(1) p ∈ U
(2) G ·
(
Rn
′
k′ × {0}
)
⊂ Rnk .
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(3) The chart φ maps S ∩ U bijectively to the intersection of this linear submanifold
with Ω, in other words
φ(S ∩ U) = G ·
(
R
n′
k′ × {0}
)
∩ Ω .
Let us comment on this definition.
Remark 1.9.
(1) In Definition 1.8, the symbol “·” denotes the action ofGL(n,R) on subsets ofRn,
action which is induced by the standard linear action ofGL(n,R) on Rn.
(2) In Melrose’s terminology, Property (2) of this definition is expressed by saying
that G ·
(
Rn
′
k′ × {0}
)
is a linear submanifolds of Rnk .
(3) If S is submanifold of M and p ∈ S, then the number n′ and k′ are uniquely
determined. We say that n′ is the dimension of S in p. This dimension is locally
constant, but we allow it to depend on the connected component. A (connected)
submanifold S of a manifold with corners M carries an induced structure of a
manifold with corners. This structure can be characterised by the condition, that
the embedding is a smooth map i : S →M and that the differential dpi : TpS →
TpM is injective for any p ∈ S. Alternatively this structure can be described by
an atlas. For any φ and G as above, we the map φ˜(p) is defined for p ∈ U ∩ S
by the relation G−1φ(p) = (φ˜(p), 0). We set U˜ := U ∩ S and Ω˜ := φ(U˜) =
G−1(Ω) ∩
(
Rn
′
k′ × {0}
)
. Then φ˜ : U˜ → Ω˜ shall be taken as a chart for S around
p, and if we do this construction for any p ∈ S, then we obtain an atlas for S. See
[15, Lemma 1.7.1 and following] for further details.
(4) Note that in [2], a more restrictive notion of submanifold of a manifold with cor-
ners was used, see Remark 1.24 for more details.
The following example illustrates the definition of a submanifold of a manifold with
corners and explains why we consider it in the first place.
Example 1.10 (Diagonal). Let N be a manifold with corners. ThenM := N ×N is also
a manifold with corners. Consider the diagonal∆N := {(p, p) ∈M | p ∈ N}. Then∆N
is a submanifold ofM .
In various applications it is helpful or even necessary to use variations of the concept
of a “submanifold”; in our article we will require both a more general concept, that of a
“weak submanifold,” and a more restrictive one, namely, that of a “p-submanifold” of a
manifold with corners, which will be discussed in the next section.
We explained above that a submanifold S of a manifold with corners M inherits an
atlas fromM . This property can be generalized to “weak submanifolds,” which we will be
define after the following example.
Example 1.11. The function f(x, y) := (x + y2, y) defines a injective immersion R21 →
R21. It is a homeomorphism onto its image S := f
(
R21
)
. However, it can be easily seen
that S is not a submanifold R21. On the other hand S is a submanifold of R
2.
The situation of the last example is not convenient in applications as we would like the
images of injective immersions with the homeomorphism property to defined some sort of
submanifold. Our next aim is thus to generalize the notion of “submanifold” to allow for
such examples.
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Definition 1.12. A subset S of a manifold with corners M is a weak submanifold if, for
every p ∈ S, there exists k ∈ {0, 1, . . . , n} and a chart φ : U → Ω ⊂ Rnk , such that
(1) p ∈ U and
(2) φ(S ∩ U) is a submanifold of Rn.
The dimension of S at p is by definition the dimension of φ(S ∩ U) at φ(p).
Equivalently, one can reformulate Definition 1.12 by saying that S is a weak subman-
ifold if, and only if, M can be extended to a manifold M˜ without corners (or boundary),
such that S is covered by charts φ : U → Ω of M˜ satisfying
φ(S ∩ U) =
(
R
n′
k′ × {0}
)
∩ Ω .
Note that if we replaced in (2) the ambient manifold Rn by Rnk , then S would be a
weak submanifold if, and only if, S was a submanifold. However as written above, the
class of weak submanifolds strictly contains the class of submanifolds. Indeed, the set S
in Example 1.11 is a weak submanifold of R21, but not a submanifold.
For any chart φ : U → Ω of M the submanifold property provides an atlas on every
φ(S ∩ U) and thus an atlas on S ∩ U . If φ′ : U ′ → Ω′ is another chart of M , then we
similarly obtain an atlas on S ∩ U ′, and as φ′ ◦ φ−1|φ(U∩U ′) is a diffeomorphism, the
atlases on S ∩ U and S ∩ U ′ are compatible, i.e. their union is an atlas on S ∩ (U ∪ U ′).
By repeating this construction for all the domains of charts of an atlas ofM , we obtain an
atlas of S, the induced atlas on S. With this atlas, the set S is a manifold with corners.
By applying the implicit function theorem, one can prove that a subset S ⊂ M of a
manifold with corners is a weak submanifold, if, and only if, it is the image of an injective
immersion f : N → M , where N is a manifold with corners and where f : N → S is a
homeomorphism. See Proposition B.1 in the appendix for a proof.
Furthermore, we have the following nice property which we will claim without proof:
if P and Q are weak submanifolds of M and P ⊂ Q, then P is a weak submanifold
of Q. Thus weak submanifolds also have nicer categorical properties than submanifolds.
In the categorical language, the above property is expressed as follows: if we consider the
category whose objects are manifolds with corners and the morphisms are inclusions as a
weak submanifold, then this is a full subcategory of the category of sets with the inclusions
as morphisms.
If we only consider submanifolds in the sense of Definition 1.8 as morphisms, then the
above property does not hold as we have seen in Example 1.11, i.e. we obtain a subcategory
that is not full.
1.3.2. Submanifolds with tubular neighborhoods: p-submanifolds. We now recall the def-
inition of a p-submanifold of a manifold with corners M [1, 9, 15, 21]. In our paper,
p-submanifolds are of central importance, as we blow-up manifolds with corners along
closed p-submanifolds.
Definition 1.13. Let I be a subset of {1, . . . , n} and L be the subset of Rnk defined by
(10) LI := { x = (x1, . . . , xn) ∈ R
n
k | xi = 0 if i ∈ I } .
The number b := #
(
I ∩ {1, . . . , k}
)
will be called the boundary depth of LI ; c := #I is
the codimension of LI and d := n− c its dimension.
After reordering the components,LI is the first factor of R
n
k
∼= Rdk−b×R
c
b, in the sense
that LI is mapped to R
d
k−b × {0}. The boundary depth of LI is the boundary depth of any
interior point ofLI with respect toR
n
k . The setsLI are the local models for p-submanifolds
[15, Definition 1.7.4].
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Definition 1.14. A subset P of a manifold with cornersM is a p-submanifold if, for every
x ∈ P , there exists a chart (U, φ) with x ∈ U and I ⊂ {1, 2, . . . , n} such that
φ(P ∩ U) = LI ∩ φ(U),
with LI as defined in Equation (10). The number n −#I (respectively, #I , respectively,
#
(
I ∩ {1, . . . , l}
)
) will be called the dimension (respectively, the codimension of P in x,
respectively, the boundary depth of P in x). We allow p-submanifolds Y of non-constant
dimension. We define dimY as the maximum of the dimensions of the connected compo-
nents of Y and dim ∅ = 0.
Obviously all p-submanifolds are submanifolds, and the definition of the dimension
of P in x coincides with the dimension already defined above.
Remark 1.15. The numbers n − #I (respectively, #I , respectively, #
(
I ∩ {1, . . . , l}
)
)
introduced in Definition 1.14 are locally constant functions on P . For any interior point
x in P and ǫ > 0 small enough, these numbers are the dimension (respectively, the codi-
mension, respectively, the boundary depth of x) of the intersectionBǫ(x)∩P inM . More
generally: if P is a p-submanifold of M with boundary depth d on the component of
x ∈ P , and if x is a (boundary) point of depth e in P , then x has depth d + e in M . In
particular, for a p-submanifoldP ⊂M , the difference of depths depthM (x)−depthP (x)
is constant on the connected components of P .
This definition of a p-submanifold comes from [15]. Note that “p” is used as an abbre-
viation for “product,” reflecting the fact that, locally in coordinate charts, p-submanifolds
are a factor of the product Rnk ≃ R
n1
k1
× Rn2k2 . A more general concept, that of an “interior
binomial subvariety,” was introduced and studied in [11].
Let P ⊂ M be a p-submanifold. Then it is possible that P ⊂ F , for F a non-trivial
face ofM . If P is connected, then the boundary depth of P is the boundary depth of the
smallest closed face F ofM containing P .
We shall need the following lemma. Recall that a subset of a topological space is called
locally closed if it is the intersection of a closed subset with an open subset.
Lemma 1.16. Let P ⊂ Q ⊂M be manifolds with corners.
(i) If P is a p-submanifold ofM , then P is locally closed.
(ii) If both P andQ are p-submanifolds ofM , then P is a p-submanifold of Q.
(iii) IfP is a p-submanifold ofQ andQ is a p-submanifold ofM , thenP is a p-submanifold
ofM .
Proof. Let us fix an atlas A := {(U, φ)}. The definition of a p-submanifold shows that it
is a closed subset in every coordinate chart (U, φ). Hence it is locally closed. This proves
(i).
In order to prove (ii) we consider functions x1, . . . , xℓ defining a p-submanifold P of
codimension ℓ in M locally in a neighborhood of x ∈ P . Choose I ⊂ {1, . . . , ℓ} such
that (dxi|p)i∈I is a basis of T ∗xQ. Then in a possibly smaller neighborhood, the functions
(xi)i∈I define P as a p-submanifold of Q.
For (iii) we consider functions x1, . . . , xk locally defining P as a p-submanifold of Q.
We extend these functions to locally defined functions on M . Then we choose functions
xk+1, . . . , xl definingQ locally as a p-submanifold ofM . Then x1, . . . , xl locally define P
as a p-submanifold ofM . 
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Example 1.17. The diagonal ∆N in Example 1.10 is not a p-submanifold. If N is the
2-dimensional closed disc, then with argumets analogous to Remark 4.11, the diagonal is
not a p-submanifold ofN ×N . Alternatively, one could argue with [15], see Remark 1.23.
1.3.3. The normal bundle of p-submanifolds. The following standard concepts will be im-
portant in the definition of the blow-up of a manifold with corners by a p-submanifold.
Definition 1.18. Let P ⊂ M be a p-submanifold of the manifold with corners M . Then
NMP := TM |P/TP is called the normal bundle ofP inM . The imageNM+ P of T
+M |P
in NMP is called the inward pointing normal fiber bundle of P in M . In contrast to
T+M |P → P , which is not a fiber bundle over P , the projection map NM+ P → P defines
a fiber bundle structure over P on NM+ P , called the inward pointing normal bundle of P
inM . Finally, the set S(NM+ P ) of unit vectors inN
M
+ P is called the set of inward pointing
spherical normal bundle of P inM . The inward pointing spherical normal bundle of P in
M comes equipped with a fiber bundle projection
S(NM+ P ) → P .
We complete this section with a few remarks. We first notice the existence of suitable
“tubular neighborhoods.”
Remark 1.19. Let P ⊂ M be a p-submanifold in the manifold with cornersM . IfM is
compact, then P has a neighborhood VP ⊂M such that VP is diffeomorphic to the closed
cone NM+ P via a diffeomorphism that sends P to the zero section of N
M
+ P → M and
induces the identity at the level of normal bundles. This was proved in [15, Proposition
2.10.1], under the additional assumption that P be closed. Moreover, the condition thatM
be compact is not necessary (since our p-manifolds are assumed to be locally closed). In
this case, NM+ P is a cone with corners in N
MP . Generalizing Example 1.5, we obtain
that all of the sets NMP , NM+ P , and S
+(NMP ) introduced in the last definition are
manifolds with corners. This is because the property of being a manifold with corners is a
local property and the product of manifolds with corners is again a manifold with corners.
1.3.4. The dimension of a non-connected p-submanifold. We finish the discussion of p-
submanifolds with a note on our terminology.
Remark 1.20. By taking I to be an empty subset, we obtain that the open subsets of M
are p-submanifolds. The empty set ∅ also satisfies the conditions defining a p-submanifold.
The empty set and the p-submanifolds containing open subsets ofM will be called trivial
p-submanifolds of M . We allow the different connected components of a p-submanifold
to have different dimensions. Therefore, if Y is a p-submanifold of M , we shall denote
by dim(Y ) the largest dimension of a connected component of Y . Thus, the non-trivial
p-submanifolds of M are the p-submanifolds that are non-empty and of lower dimension
thanM .
1.3.5. Further classes of special submanifolds. In the conclusion to this section, let us
mention some further classes of submanifolds which put our article in the contex of the
literature and which might be helpful to obtain possible extensions of our results. However,
they are not needed to understand the statement or proof of our main results, thus may be
skipped by the reader.
In some parts of our article, the notion of a submanifold in the sense of Definition 1.8
is too unspecific, and the notion of a p-submanifold to restrictive. In between these two
classes there lies a class of submanifolds that we call “wib-submanifolds,” for lack of a
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better name in the literature. Here “wib-submanifold” stands for a submanifoldwithout an
interior boundary.
Definition 1.21. A submanifold S ⊂ M is called a wib-submanifold or a submanifold
without interior boundary if it can be defined locally in suitable charts as the kernel of a
linear function. More precisely: S ⊂ M is a wib-submanifold if, for every x ∈ S, there
exists a (corner) chart φ : U → Ω ⊂ Rnk , and a linear subspace L of R
n, such that
(1) x ∈ U and
(2) φ(S ∩ U) = L ∩ Ω .
If G ∈ GL(n,R) is defined as above, then we necessarily have L = G ·
(
Rn
′
× {0}
)
.
If x ∈ S ∩ U , then n′ := dimL is the dimension of S in x defined above.
Obviously all p-submanifolds are wib-manifolds, which can be easily seen by defining
the L in the definition above as the linear extension of LI in Definition 1.14.
Remark 1.22. In the above definition, we explicitly required S to be a submanifold. To
justify this requirement, we will give an example of a closed subset S ⊂ M which is not
a submanifold, but fulfills all other requirements of the definition of a wib-submanifold.
Indeed, let
K := {(x1, x2, x3) ∈ R
3 | x1 ≥ 0, x2 ≥ 0, x1 ≤ x3, x2 ≤ x3} ,
which is a cone over a square. The map f : R3 → R4, f(x1, x2, x3) = (x1, x2, x3 −
x1, x3 − x2) has the property f−1(R44) = K . Then for φ = id, x = 0, and L := f(R
3)
all requirements of the definition are satisfied, but S := f(K) is not a submanifold of R44.
It it were a submanifold, then its dimension would have to be 3, and then any boundary
point of S is in at most 3 closed boundary hyperfaces. But 0 ∈ S is in 4 closed boundary
hyperfaces of S.
Remark 1.23. Note that Melrose also introduces the notions d-submanifold [15, Def. 1.7.4]
and b-submanifold [15, Def. 1.12.9], whose definitions will not be recalled here. They sat-
isfy
S is a p-submanifold =⇒ S is a d-submanifold =⇒ S is a b-submanifold
=⇒ S is a submanifold =⇒ S is a weak submanifold .
However there are wib-manifolds that are not b-submanifolds, e.g. Melrose’s example of
the submanifold {x3 = x1 + x2} ∈ R33. There are d-manifolds that are no wib-manifolds,
e.g. R11 = [0,∞) ⊂ R or any surface with boundary in R
3. However all p-submanifolds
introduced below are d-manifolds and wib-manifolds.
Melrose shows that the diagonal∆N is a b-submanifold ofN ×N , but in general not a
d-submanifold. It follows that∆N is not a p-submanifold.
Remark 1.24. Let us remark that the definition of a tame submanifold considered in [2,
Sec. 2.3] is a submanifold in an essentially different sense. All notions of submanifolds
discussed involve are properties that may hold or not for a subset N of a manifold with
corners M . In contrast to this, tame submanifolds in [2, Sec. 2.3], are submanifolds of
a Lie manifold (M,A), where M is a manifold with corners and A is a Lie algebroid
on M with some compatibility conditions. The fact whether a subset N of M is a tame
submanifold of (M,A) or not, depends also on the Lie algebroid A. In any case, a tame
submanifold will have a tubular neighborhood in the strongest sense.
Similar remarks apply to the A(G)-tame submanifolds considered in [20].
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2. THE BLOW-UP FOR MANIFOLDS WITH CORNERS
We now introduce the blow-up of a manifoldM with corners by a closed p-submanifold
P with dim(P ) < dim(M) (see Remark 1.20 for the definition of the dimension of a p-
submanifold). We also study some of the properties of the blow-up.
2.1. Definition of the blow-up and its smooth structure. Recall (Remark 1.20) that if
P ⊂ M is a p-submanifold, then dim(P ) denotes the largest dimension of the connected
components of P (these connected components are not necessarily all of the same dimen-
sion).
2.1.1. Definition of the blow-up as a set. We now define the underlying set of the blow-up
of a manifold with cornersM with respect to a p-submanifold. If A andB are disjoint, we
sometimes denote A ⊔B := A ∪B their union.
Definition 2.1. LetM be a manifold with corners and P be a closed p-submanifold ofM .
Let S(NM+ P ) be the inward pointing spherical normal bundle of P inM (Definition 1.18).
The blow-up ofM along P (or with respect to P ) is the following union of disjoint sets:
[M : P ] := (M r P ) ⊔ S(NM+ P ) .
In particular, [M : ∅] = M and [M : M ] = ∅. The blow-down map β = βM,P : [M :
P ] → M is defined as the identity map on M r P and as the fiber bundle projection
S(NM+ P )→ P on the complement.
The blow-up [M : P ] is therefore not defined if P is not closed, but we allow P to
consist of the disjoint union of several closed, connected p-submanifolds ofM of different
dimensions.
Assume P ⊂M to be a trivial p-submanifold. Then, by definition, there will be x ∈ P
such that P is of codimension 0 in a neighborhood of x, and hence the fiber of S(NM+ P )
over x is ∅.
A general approach to smooth structures on the blow-up is contained in [11]. Here we
recall an approach that suffices for our needs. We begin with the case of open subsets of a
model space Rnl .
2.1.2. The blow-up of the local models. In the following, let Ij , j = 1, 2, . . . n, denote
eitherR or [0,∞). We will writeN1 ∼= N2 ifN1 is a p-submanifold of I1×I2×· · ·×In ⊂
Rn and if there is a permutation σ of the components of Rn that induces a diffeomorphism
fromN1 to the p-submanifoldN2 of Iσ(1) × Iσ(2) × · · · × Iσ(n) ⊂ R
n. By contrast, when
we write N1 ≃ N2, we will merely state that the indicated manifolds are diffeomorphic,
without including further information on the diffeomorphism. In particular, N1 ∼= N2
impliesN1 ≃ N2.
To start with, the blow-up [Rnl × R
n′
l′ : R
n
l × {0}] of R
n
l × R
n′
l′
∼= Rn+n
′
l+l′ along its
p-submanifoldRnl × {0} = R
n
l × {0Rn′} is, by Definition 2.1, the set
(11)
[Rnl × R
n′
l′ : R
n
l × {0}] :=
(
R
n
l × R
n′
l′ rR
n
l × {0}
)
⊔Rnl × S
n′−1
l′
= Rnl ×
(
S
n′−1
l′ ⊔
(
R
n′
l′ r {0}
))
.
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Let us consider the map
(12)
κ : Rnl × S
n′−1
l′ × [0,∞) → R
n
l ×
(
S
n′−1
l′ ⊔ (R
n′
l′ r {0})
)
,
κ(x, ξ, r) :=
{
(x, ξ) ∈ Rnl × S
n′−1
l′ if r = 0
(x, rξ) ∈ Rnl × (R
n′
l′ r {0}) if r > 0 .
The map κ is immediately seen to be a bijection and we will use it to endow [Rnl × R
n′
l′ :
Rnl ×{0}]with the structure of a manifold with corners induced fromR
n
l ×S
n′−1
l′ × [0,∞).
Under this diffeomorphism, the blow-down map becomes
(13) β : Rnl × S
n′−1
l′ × [0,∞)→ R
n
l × R
n′
l′ , β(x, ξ, r) := (x, rξ) .
The blown-up space [Rnl × R
n′
l′ : R
n
l × {0}] is thus a space of “generalized spherical
coordinates.”
If U ⊂ Rnl × R
n′
l′ is an open subset, we endow
(14) [U : U ∩ (Rnl × {0})] = β
−1(U) ⊂ [Rnl × R
n′
l′ : R
n
l × {0}]
with the induced structure of a manifold with corners.
2.1.3. The smooth structure of the blow-up. The following lemmas will allow us to define
a manifolds with corners structure on blow-ups.
Lemma 2.2. Let Pi ⊂Mi, i = 1, 2, be closed p-submanifolds and let φ : M1 →M2 be a
diffeomorphism such that φ(P1) = P2. Then there exists a unique map φ
β : [M1 : P1] →
[M2 : P2] that is bijective and makes the following diagram commute
[M1 : P1]
φβ //
βM1,P1

[M2 : P2]
βM2,P2

M1
φ // M2.
This construction is functorial, in the sense that (φ ◦ ψ)β = φβ ◦ ψβ . If Mi are open
subsets of Rnk , then φ
β is a diffeomorphism.
Proof. The existence, uniqueness, and the functorial character of φβ follows from the def-
inition of the blow-up. The fact that φβ is smooth if Mi are open subsets of the model
space Rnk is the content of Lemma 2.2 of [1]. 
Lemma 2.3. Let A = {(Ua, φa) | a ∈ A} be an atlas on a manifold with cornersM , see
Definition 1.3. Let P ⊂ M be a closed p-submanifold and β = βM,P : [M : P ] → M
be the blow-down map. We endow [M : P ] with the smallest topology that makes all the
maps φβa , a ∈ A, continuous (φ
β
a is defined on β
−1(Ua)). Then
β∗(A) := {(β−1(Ua), φ
β
a ) | a ∈ A}
is an atlas on [M ;P ], where φβa are the maps obtained from φa using Lemma 2.2. If we
take another atlas A′ of M that is compatible with A, then β∗(A) and β∗(A′) will be
compatible atlases on [M : P ].
Proof. This follows from Equation (14) and Lemma 2.2. 
Lemma 2.3 thus yields the desired smooth structure on [M : P ] that is moreover canon-
ical (independent of any choices).
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Definition 2.4. LetM be a manifold with corners and P ⊂M be a closed p-submanifold.
We endow [M : P ] with the smooth structure defined by the atlas β∗(A) obtained from
Lemma 2.3, for any atlas A onM .
The smooth structure on [M : P ] is natural in the following strong sense.
Proposition 2.5. With the notation of Lemma 2.2, we have that the map φβ is a diffeomor-
phism (in general, not just in the case of open subsets of Euclidean spaces).
Proof. If A is an atlas onM2, then the pull-back of β∗(A) to [M1 : P1] is an atlas. 
The functoriality property of Lemma 2.2 then gives the following.
Corollary 2.6. LetG be a discrete group acting smoothly on the manifold with cornersM
and let P ⊂M be a closed p-submanifold such that g(P ) = P for all g ∈ G. ThenG acts
smoothly on [M : P ].
Proof. The action of every g ∈ G onM defines a smooth action on [M : P ] by Proposition
2.5. It is a group action by the last part of Lemma 2.2 (the functoriality of the assignement
φ→ φβ . 
The blow-up [M : P ] of a manifold with corners is thus again a manifold with corners.
2.2. Exploiting the local structure of the blow-up. The local character of the definition
of the smooth structure of the blow-up [M : P ] of the manifold with corners M along a
p-submanifold P means that most of the proofs involving blow-ups can be conveniently
treated by first treating the model case P := Rnk = R
n
k × {0} ⊂ R
n
k × R
n′
k′ = M . To
simplify notation, we shall often omit factors of the form {0} when there is no danger of
confusion. This is the case with the following results.
2.2.1. The blow-down map is proper. We shall need to prove that certain maps are closed.
This will be conveniently done by proving that they are proper, since a proper map between
manifolds with corners is closed. In particular, we will show that the blow-down map is
proper.
Let f : X → Y be a continuous map between two Hausdorff spaces. Recall that f is
called proper if f−1(K) is compact for every compact subset K ⊂ Y . For instance, the
map β of Equation (13) is immediately seen to be proper.
Corollary 2.7. Let P be a closed p-submanifold of a manifold with cornersM . The blow-
down map βM,P : [M : P ]→M is proper.
Proof. Using LemmaA.3 from the Appendix, we see that we can treat the problem in local
coordinates. Then, in local coordinates, the blow-down map is given by Equation (13),
which is a proper map, as we have already pointed out. 
2.2.2. Blow-ups and products. We have a simple, convenient behavior of the blow-up with
respect to products.
Lemma 2.8. LetM andM1 be two manifolds with corners andP be a closed p-submanifold
ofM . Then P ×M1 is a closed p-submanifold ofM ×M1 and the following diagram with
smooth maps commutes:
(15)
[M ×M1 : P ×M1]
≃
−−−−→ [M : P ]×M1
βM×M1,P×M1
y yβM,P×id
M ×M1
id
−−−−→ M ×M1 .
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Proof. Since the result is a local one and P is a p-submanifold ofM , it is enough to treat
the case
M := Rmkm × R
p
kp
P := {0Rm} × R
p
kp
⊂M
M1 := R
l
kl
.
In this local treatment, we will write ∼= to stress that a given diffeomorphism is given by a
permutation of coordinates, more precisely in this proof, by the canonical permutation of
coordinates diffeomorphism of Equation (8).
With this choice, we see that P ×M1 is p-submanifold of M ×M1. We have natu-
ral diffeomorphisms with the first one being obtained from the definition of the blow-up,
Definition 2.1, and the last being induced by suitable permutations of coordinates)
[M ×M1 : P ×M1] = [R
m
km × R
p
kp
× Rlkl : {0Rm} × R
p
kp
× Rlkl ]
= Sm−1km × R
p
kp
× Rlkl ⊔
(
(Rmkm × R
p
kp
× Rlkl)r ({0Rm} × R
p
kp
× Rlkl)
)
≃ Sm−1km × [0,∞)× R
p
kp
× Rlkl
∼= Sm−1km × R
p+l+1
kp+kl+1
and
[M : P ] = [Rmkm × R
p
kp
: {0Rm} × R
p
kp
]
= Sm−1km × R
p
kp
⊔
(
(Rmkm × R
p
kp
)r ({0Rm} × R
p
kp
)
)
≃ Sm−1km × [0,∞)× R
p
kp
∼= Sm−1km × R
p+1
kp+1
.
The desired diffeomorphism [M ×M1 : P ×M1]
≃
−→ [M : P ]×M1 is then induced by
the above diffeomorphisms and the canonical permutation of coordinates diffeomorphism
S
m−1
km
× Rp+1kp+1 × R
l
kl
∼=
−→ Sm−1km × R
p+l+1
kp+kl+1
of Equation (8). 
2.3. Cleanly intersecting families and liftings.
2.3.1. Clean intersections. We continue to exploit the local structure of the blow-up. Re-
call the following standard definition.
Definition 2.9. Let M be a manifold with corners and X1, X2, . . . , Xk ⊂ M be p-
submanifolds. We shall say that X1, X2, . . . , Xk have a clean intersection or that they
intersect cleanly if
(i) Y := X1 ∩X2 ∩ . . . ∩Xk is a p-submanifold ofM (possibly empty),
(ii) for all x ∈ Y , TxY = TxX1 ∩ TxX2 ∩ . . . ∩ TxXk.
We consider the conditions (i) and (ii) of the Definition 2.9 to be automatically satisfied
if Y := X1 ∩ X2 ∩ . . . ∩ Xk = ∅. Similar conditions appear in Definition 2.7, [1]. They
were used to define a weakly transversal family of connected submanifolds with corners.
We shall need also the notion of a “cleanly intersecting family” (Definition 4.4), which
roughly states that every subfamily intersects cleanly.
Lemma 2.10. Let P and Q be closed p-submanifolds of M intersecting cleanly. Then
P ∩Q is a p-submanifold of Q.
Proof. According Definition 2.9 (i) P ∩ Q is a p-submanifold of M . Then Lemma 1.16
(ii) states that P ∩Q is also a p-submanifold of Q. 
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2.3.2. Liftings of p-submanifolds to blowups. We now consider the lifting of suitable p-
submanifolds inM to [M : P ] as in [11, 15].
The local model for such lifts is given by the following lemma. (See Lemma 2.2 for the
definition of jβ .)
Lemma 2.11. If l′′ ≥ l′ and n′′ − l′′ ≥ n′ − l′, so that the canonical (first components)
inclusion j : Rnl × R
n′
l′ → R
n
l × R
n′′
l′′ is defined, then there is a map j
β such that the
diagram
(16)
[Rnl × R
n′
l′ : R
n
l × {0}]
jβ
−−−−→ [Rnl × R
n′′
l′′ : R
n
l × {0}]
β
Rn
l
×Rn
′
l′
,Rn
l
×{0}
y yβRnl ×Rn′′l′′ ,Rnl ×{0}
Rnl × R
n′
l′
j
−−−−→ Rnl × R
n′′
l′′ .
commutes.
In fact the diagram (16) is obtained from
(17)
[Rn
′
l′ : {0}]
jβ
0−−−−→ [Rn
′′
l′′ : {0}]
β
Rn
′
l′
,{0}
y yβRn′′
l′′
,{0}
Rn
′
l′
j0
−−−−→ Rn
′′
l′′ .
by taking for each space the product with Rnl and extending the maps as a product with the
identity map id : Rnl → R
n
l , using the linear version of Lemma 2.8.
The lift jβ0 is given by
(18) [Rn
′
l′ : {0}] ≃ S
n′−1
l′ × [0,∞)
i×id
−→ Sn
′′−1
l′′ × [0,∞) ≃ [R
n′′
l′′ : {0}] ,
where i : Sn
′−1
l′ → S
n′′−1
l′′ is the restriction of j0. In particular, j
β
0 and thus j
β are smooth.
Definition 2.12. Let P be a p-submanifold of M and Q be a closed subset of M . The
lifting β∗M,P (Q) of Q in [M : P ] is defined by
β∗M,P (Q) := β
−1
M,P (Qr P ) (the closure is in [M : P ]) .
A more general version of the lifting β∗ was defined in [15, Chap 5, Section 7] (for
Q ⊂ P , in which case, with the notation of Definition 2.12, β∗(Q) := β−1(Q)), but that
version will not be needed in this paper.
We have the following result on the blow-up of p-submanifolds, due, in part, to Melrose
[15, Chapter 5, Section 7]. A proof in a slightly less general setting can be found also in
Proposition 2.4 of [1]. For a p-submanifold P ⊂M , recall the definition of S(NM+ P ), the
inward pointing normal bundle of P inM from Definition 1.18.
Proposition 2.13. Let P andQ be closed p-submanifolds ofM intersecting cleanly. Then
the inclusion j : Q→M lifts to a natural inclusion
jβ : [Q : P∩Q] := (Qr(P∩Q))⊔S(NQ+ (P∩Q))→ (MrP )⊔S(N
M
+ P ) =: [M : P ] .
The map jβ is smooth for the natural p-submanifold structures. In particular, the inclusion
Qr P ⊂ [Q : P ∩Q] extends to a natural diffeomorphism
β∗M,Q(Q) := β
−1
M,Q(Q r P )
≃
−→ [Q : P ∩Q] .
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Proof. The inclusion of Q into M restricts to a map Q r (P ∩ Q) → M r P . It also
induces an inclusion TQ → TM , extending the inclusion T (P ∩ Q) → TP . Since
T (P ∩Q) = TP ∩ TQ, we can pass to quotients to obtain an injective map
NQ(P∩Q) := TQ|P∩Q/T (P∩Q) = TQ|P∩Q/(TP∩TQ) → TM |P/TP =: N
MP
The injectivity of this map yields an inclusion S(NQ+P )→ S(N
M
+ P ), which fits smoothly
with a map Q r (Q ∩ P ) → M r P , using the fact that P and Q intersect smoothly and
the local description of the blow-up with half-spaces in [1]. The result then follows from
the definition of the blow-up, Definition 2.1. 
3. THE GRAPH BLOW-UP
We introduce also the blow-up with respect to more than one submanifold, called graph
blow-up.
3.1. Definition of the graph blow-up. Let M be a manifold with corners and F be a
locally finite set of p-submanifolds ofM . Then
⋃
F :=
⋃
Y ∈F Y is nowhere dense inM
and M r
⋃
F is a dense, open subset of [M : Y ], for each Y ∈ F . Motivated by the
results of [7, 18], we now introduce the following definition.
Definition 3.1. Let F be a locally finite set of closed p-submanifolds of the manifold with
cornersM . Then the graph blow-up {M : F} ofM along F is defined by
{M : F} := {(x, x, . . . , x) | x ∈M r
⋃
F} ⊂
∏
Y ∈F
[M : Y ] .
Let δ : M r
⋃
F →
∏
Y ∈F [M : Y ] be the diagonal map of inclusions, δ(x) =
(x, x, . . . , x). Thus the graph blow-up {M : F} is the closure of the image through δ
of the complement M r
⋃
F in the product
∏
Y ∈F [M : Y ] of all the blown-up spaces
[M : Y ], Y ∈ F :
{M : F} := δ(M r
⋃
F) ⊂
∏
Y ∈F
[M : Y ] ,
M r
⋃
F ∋ x→ δ(x) := (x, x, . . . , x) ∈
∏
Y ∈F
[M : Y ] .
Note that we have used here that M r
⋃
F ⊂ M r Y ⊂ [M : Y ] for all Y ∈ F . The
graph blow-up will be compared in the next section to the iterated blow-up.
Definition 3.2. If G is a Lie group acting smoothly on M and F is a locally finite set of
closed p-submanifolds of M such that, for every Y ∈ F and g ∈ G, we have g(Y ) ∈ F ,
then we shall say that F is a G-family of p-submanifolds ofM .
Corollary 2.6 yields right away the following corollary
Corollary 3.3. Let G be a discrete group and F be a G-family of p-submanifolds of M
(see Definition 3.2). Then G acts continuously on {M : F}.
Proof. We have that each g ∈ G acts onM r
⋃
F and on
∏
Y ∈F [M : Y ], with the action
sending [M : Y ] to [M : g(Y )], by Corollary 2.6, which also shows that this action is
a smooth action of G on
∏
Y ∈F [M : Y ]. The result follows since δ commutes with the
action of G. 
Later on, we will show that {M : F} is a weak submanifold of a suitable manifold with
corners, and thus that {M : F} inherits the structure of a manifold with corners. Then the
proof above yields that G acts smoothly {M : F}.
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3.2. Disjoint submanifolds. We are allowing our p-submanifolds to have components of
different dimensions. Blowing-up with respect to such a manifold amounts, as we will see,
to blowing up successively with respect to each component.
We need first to discuss the gluing of open subsests. Let us assume that we have two
manifolds with cornersM1 andM2 and that Ui ⊂ Mi are open subsets (i = 1, 2). Let us
also assume that we are given a diffeomorphism φ : U1 → U2. Then we define
(19)
M1 ∪φ M2 := (M1 ⊔M2)/{x ≡ φ(x) | x ∈ U1} ,
M1 ∪id M2 =: M1 ∪U1 M2 , if U1 = U2 and φ is the identity map id .
If φ is the identity, we shall call M1 ∪U1 M2 the union of M1 and M2 along U1 = U2.
Under favorable circumstances (but not always),M1∪φM2 is also a manifold with corners.
We have the following simple lemma.
Lemma 3.4. Let M be a manifold with corners (and hence Hausdorff) and Mi ⊂ M ,
i = 1, 2, be open subsets with U := M1 ∩M2 and M1 ∪M2 = M . Then there exists a
unique structure of a manifold with corners onM1 ∪U M2 that induces the given smooth
structures onMi, and hence we have a canonical diffeomorphismM1 ∪U M2 ≃M .
Proof. Let Ai be an atlas forMi. Then their union A := A1 ∪ A2 is an atlas forM . It is
also an atlas for any manifold with corners structure onM1 ∪U M2 that induces the given
one on eachMi. Hence the desired manifold with corners structure onM1 ∪U M2 is given
by the unionA := A1 ∪ A2. 
This allows us to “commute” the procedures of taking blow-ups with respect to disjoint
manifolds.
Lemma 3.5. Let us assume that P and Q are closed p-submanifolds ofM such that P ∩
Q = ∅. Let βM,Q : [M : Q]→M be the blow-down map. Then β∗(P ) := β
−1
M,Q(P ) = P
and the iterated blow-up
[
[M : Q] : P
]
is defined and diffeomorphic to ([M : Q] r
P ) ⊔Mr(P∪Q) ([M : P ] r Q), the union of [M : Q] r P and [M : P ] r Q along
M r (P ∪Q), a common open subset. In particular,[
[M : P ] : Q
]
=
[
[M : Q] : P
]
= [M : P ∪Q] ,
with the same smooth structure.
Proof. Since Q ⊂M r P and βM,P is the identity onM r P , we obtain
β∗M,P (Q) := β
−1
M,P (Qr P ) = β
−1
M,P (Q) = Q = Q ,
which is a p-submanifold of M r P and hence also of [M : P ], since the property of
being a p-submanifold is a local one. It also follows that S(NM+ Q) = S(N
[M :P ]
+ Q), since
S(NM+ Q) is also defined locally. We thus obtain[
[M : P ] : Q
]
:= ([M : P ]rQ) ⊔ S(N
[M :P ]
+ Q)
= (M r (P ∪Q)) ⊔ S(NM+ P ) ⊔ S(N
M
+ Q) ,
which is symmetric in Q and P , and hence
[
[M : P ] : Q
]
=
[
[M : Q] : P
]
as sets. The
last part follows from Lemma 3.4 applied to the open subsets
β−1[M :P ],Q([M : P ]rQ) = [M : P ]rQ and
β−1[M :Q],P ([M : Q]r P ) = [M : Q]r P
of
[
[M : P ] : Q
]
=
[
[M : Q] : P
]
. 
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Definition 3.6. Suppose fi : X → Yi, i = 1, . . . , N , are continuous maps. We say
(f1, . . . , fN ) : X →
∏N
i=1 Yi, x 7→ (f1(x), . . . , fN (x)) is proper in each component if
each fi is proper.
We shall need the following lemma.
Lemma 3.7. Let us assume that P and Q are closed, non-trivial, disjoint p-submanifolds
ofM . Then there exists a unique, smooth, natural map
ζM,Q,P :
[
[M : Q] : P
]
→ [M : P ]
that restricts to the identity onM r (P ∪Q). Moreover, the product map
BM,Q,P := (ζM,Q,P , β[M :Q],P ) :
[
[M : Q] : P
]
→ [M : P ]× [M : Q]
is proper in each component. Its image is a weak submanifold in the sense of Definition 1.8
and BM,Q,P is a diffeomorphism onto its image.
Proof. Lemma 3.5 states that
[
[M : Q] : P
]
= [M : P ∪ Q] =
[
[M : P ] : Q
]
. This
gives ζM,Q,P = β[M :P ],Q. In particular, ζM,Q,P is proper, by Corollary 2.7. The map
β[M :Q],P is proper by Corollary 2.7. As P and Q are disjoint, at each point, at least one
component of BM,Q,P = (ζM,Q,P , β[M :Q],P ) is a local diffeomorphism. Thus BM,Q,P
is an immersion. As it is injective and proper, it is a homeomorphism onto its image.
Proposition B.1 implies that the image is thus a weak submanifold and that BM,Q,P is a
diffeomorphism onto its image. 
By iterating the above lemma, we obtain the following consequence.
Corollary 3.8. Let F := {P1, P2, . . . , Pk} be a family of closed, non-trivial, disjoint p-
submanifolds of a manifold with corners M . Then we have canonical diffeomorphisms
inducing the identity onM0 := M r
⋃k
j=1 Pj between the usual blow-ups and the graph
blow-up (Definitions 2.1 and 3.1):
[[. . . [[M : P1] : P2] : . . . : Pk−1] : Pk] ≃ [M :
k⋃
j=1
Pj ] ≃ {M : F} .
Proof. This follows by induction from Lemmas 3.5 and 3.7 since Pj identifies naturally
with a p-submanifold of [[. . . [[M : P1] : P2] : . . . : Pj−2] : Pj−1]. 
4. ITERATED BLOW-UPS
The graph blow-up {M : F} introduced in the previous subsection has the advantage
that it is defined in great generality and is obviously independent of the order on the family
of p-submanifolds F , up to an isomorphism. However, it is not clear what is the structure
of the graph blow-up. To this end, in this section, we shall consider an iterated blow-up,
which is defined under much more restrictiv conditions, but will be, by construction, a
manifold with corners. The main result will be that the iterated blow-up and the graph
blow-up are diffeomorphic.
4.1. Definition of the iterated blow-up. Recall the definition of the lifting β∗(Q) =
β∗M,P (Q) := Qr P ⊂ [M : P ] (closure in [M : P ]), Definition 2.12. We fix a manifold
with cornersM . We now introduce the iterated version of the blow-up.
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Definition 4.1. Let (Pi)
k
i=1, Pi ⊂ M , be a k-tuple of closed, non-trivial p-submanifolds
of M and let β1 := βM,P1 : [M : P1] → M . (We do not assume any inclusion
relations between the p-submanifolds Pi.) Whenever all the terms make sense, we define
by induction on k the iterated blow-up [M : (Pi)
k
i=1] ofM with respect to or along (Pi)
k
i=1
by
[M : (Pi)
k
i=1] :=
{
[M : P1] if k = 1 ,[
[M : P1] :
(
β∗1(Pi)
)k
i=2
]
if k > 1 .
Note that we did not rule out the case Pi+1 = Pi, for some i. In this case we can remove
Pi+1 from the family (Pi) without changing [M : (Pi)]. In particular, we can assume that
all the manifolds Pi are distinct, without losing generality.
We stress that we do not assume any inclusions among the manifolds Pi, but, on the
other hand, [M : (Pi)
k
i=1] is not always defined (unlike the graph blow-up!), as we
need additional conditions in order to guarantee that β∗j−1β
∗
j−2 · · ·β
∗
1 (Pj) is a closed p-
submanifold for all j. We shall also write
[M : (Pi)
k
i=1] =: [M : P1, P2, . . . , Pk] ,
and hence, using the pull-back by the map β1, we have
[M : P1, P2, . . . , Pk] :=
[
[M : P1] : β
∗
1(P2), . . . , β
∗
1(Pk)
]
.
We generalize this relation in the following remark.
Remark 4.2. Let γ1 := β
∗
1 and γj := β
∗
j ◦ γj−1 = β
∗
j ◦ ... ◦ β
∗
1 , where
βk := β[M,P1,P2,...,Pk−1],Pk : [M : P1, P2, . . . , Pk]→ [M : P1, P2, . . . , Pk−1] .
We then have
[M : P1, P2, . . . , Pj ] =
[
[M : P1] : γ1(P2), . . . , γ1(Pj)
]
=
[[
[M : P1] : γ1(P2)
]
: γ2(P3), . . . , γ2(Pj)
]
= . . .
= [[ . . . [[[M : P1] : γ1(P2)] : γ2(P3)] . . . ] : γj−1(Pj)] .
Note that [M : P1, P2, . . . , Pj ] is always defined if j = 1. Then the condition that the
iterated blow-up [M : P1, P2, . . . , Pj ] be defined can then be formulated by induction as
follows:
(i) the iterated blow-up [M : P1, . . . , Pj−1] is defined, and
(ii) the lift γj−1(Pj) is defined and is a closed p-submanifold of [M : P1, . . . , Pj−1].
4.2. Clean semilattices. We now investigate the iterated blow-up [M : (Pi)
k
i=1] of a
manifold with corners M with respect to a (suitably) ordered family of non-trivial p-
submanifolds ofM .
Definition 4.3. Let F be a locally finite (unordered) set of p-submanifolds of M . We
shall say that F is a cleanly intersecting family if any X1, X2, . . . , Xj ∈ F have a clean
intersection (Definition 2.9).
We consider the iterated blow-up mostly with respect to semilattices. Recall that a meet
semilattice (or, simply, semilattice in what follows) is a partially ordered set L such that,
for every two x, y ∈ L, there is a greatest common lower bound x ∩ y ∈ L of x and y.
We shall consider only semi-lattices of subsets of a given set where the order is given by
⊂ and where x∩ y is the usual intersection of sets. We can now introduce the semi-lattices
we are interested in. We let P(M) denote the set of all subsets ofM .
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Definition 4.4. A semilattice S ⊂ P(M) of closed p-submanifolds of M will be called
clean if S is a cleanly intersecting family of p-submanifolds ofM .
For the simplicity of the notation, we shall consider only semilattices S ⊂ P(M) with
∅ ∈ S. This changes nothing in our results, but avoids us treating separately the cases ∅ ∈
S and ∅ /∈ S in proofs. The concept of a clean semilattice introduced here is very closely
related to that of a weakly transversal family considered in [1, Definition 2.7], except that
in that paper, the authors considered only p-submanifolds that were not contained in the
boundary.
Remark 4.5. Clean semilattices of closed p-submanifolds are useful for studying iterated
blow-ups because, if P,Q are two p-submanifolds of a manifolds with corners M such
that P and Q intersects cleanly, then the lifts of P and Q in [M : P ∩ Q] are disjoint
p-submanifolds of [M : P ∩Q]. See also [1, Theorem 2.8].
The following result was essentially proved in [1]. The Lemma 5.11.2 of [15] treats also
the lift of a family under the blow-up. The author proved that a the lift of a normal family
remains a normal family if we do the blow-up by an element of the family.
Proposition 4.6. Let S ∋ ∅ be a clean semilattice (of p-submanifolds) ofM and let P be
a minimal element of S r {∅}. Let Q′ := [Q : P ∩Q]. Then
S ′ :=
{
Q′ = [Q : P ∩Q]
∣∣ Q ∈ S} .
is a clean semilattice of [M : P ] with ∅ = ∅′ = P ′ ∈ S ′.
Let Q′ := [Q : Q ∩ P ], so that S ′ = {Q′ | Q ∈ S}. Recall that the minimality of P
and the semilattice property of S imply that, for any Q ∈ S, we have either P ⊂ Q or
P ∩Q = ∅. In the first case, we haveQ′ := [Q : P ∩Q] = [Q : P ] and in the second case
we have Q′ := [Q : P ∩Q] = Q. Thus
S ′ := { [Q : P ] | P ⊂ Q ∈ S} ∪ {Q | Q ∈ S, Q ∩ P = ∅} .
Let us also notice that P ′ := [P : P ∩ P ] = ∅ = [∅ : ∅ ∩ P ] = ∅′, whereas all the
other manifoldsQ′ (Q ∈ Sr {∅, P}) are different to each other and nonempty. Therefore,
|S ′| = |S| − 1 (i.e. S ′ has one element less than S).
Proof. This result was proved in slightly less generality in [1, Theorem 2.8] (assuming that
the p-manifolds are not contained in the boundary). The proof extends right away to the
current setting. 
Let S be clean semilattice (of p-submanifolds) of M and let us arrange S r {∅} in
a sequence (Pi)
k
i=1 = (P1, P2, . . . , Pk). Recall that (Pi)
k
i=1 is an ordering of S r {∅}
compatible with the inclusion if i ≤ j whenever Pi ⊂ Pj , see Equation (2). An ordering
with these properties was called an admissible ordering in [1, Definition 2.9].
Proposition 4.7. Let S be clean semilattice (of closed p-submanifolds) and (Pi)
k
i=1 =
(P1, P2, . . . , Pk) be an ordering of S r {∅} compatible with the inclusion (Pi ⊂ Pj ⇒
i ≤ j). Then [M : (Pi)ki=1] is defined.
Proof. We shall write [M : S] := [M : (Pi)ki=1]. (This definition of [M : S] is implicitly
assuming that a compatible order was chosen on S. The notation is nevertheless justified
since Theorem 4.12 will show that the result is independent of the order.) To prove that
[M : S] := [M : (Pi)ki=1] is defined, we shall proceed by induction on the number of
elements of S. As ∅ ∈ S, let us assume, for the initial verification step, that |S| = 2
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and, more precisely, that S = {∅, P}, for some non-trivial p-submanifold P of M . Then
[M : (Pi)
1
i=1] := [M : P ] is defined.
Let us assume that the result is true for semilattices S with j elements and prove it for
lattices with j + 1 elements. Then the semilattice S ′ obtained from S via Proposition 4.6
is a clean semilattice with j elements of [M : P1] by that same proposition. Therefore[
[M : P1] : S ′
]
is defined by the induction hypothesis, and hence, using also Remark 4.2,
we have that
(20) [M : S] :=
[
[M : P1] : S
′
]
is also defined. 
Remark 4.8. Note that the normal sphere bundle of a submanifold of codimension 0 is the
empty set, thus [M : M ] = ∅. As a consequence, our definitions imply [M : S] = ∅ in the
caseM ∈ S. This is why all interesting examples satisfyM /∈ S.
4.3. The pair blow-up lemma. We now perform some essential calculations in local co-
ordinates that will be needed for our main result. Recall from Equation (6) that
S
n
k := S
n ∩ Rn+1k ,
where Sn is the unit sphere in Rn, as always. For ψ ∈ Sn
′+1
k′+1 := S
n′+1 ∩ Rn
′+2
k′+1 , we shall
write ψ =: (ψ1, ψ˜), with ψ1 ∈ [0, 1] and ψ˜ ∈ R
n′+1
k′ , and we define the map
(21)
Υ : Sn−1k × S
n′+1
k′+1 → S
n,n′
k,k′ := S
n+n′ ∩
(
R
n
k × R
n′+1
k′
)
(φ, ψ) 7→ (ψ1φ, ψ˜) .
We embed the sphere octant {0} × Sn
′
k′ = {0Rn} × S
n′
k′ ⊂ R
n+n′+1 into Rn+n
′+1 by
mapping the sphere octant to the last components of Rn+n
′+1. Of course, we have an
isomorphism
S
n,n′
k,k′ = S
n+n′ ∩
(
R
n
k × R
n′+1
k′
)
∼= Sn+n
′
k+k′ = S
n+n′ ∩Rn+n
′+1
k+k′
given by the canonical permutation of coordinates diffeomorphism of Equation (8).
We recall Proposition 5.8.1 of [15] and we give the proof to fix the notation.
Lemma 4.9. Let again S
n,n′
k,k′ := S
n+n′ ∩
(
Rnk × R
n′+1
k′
)
∼= Sn+n
′
k+k′ and let the map
Υ : Sn−1k × S
n′+1
k′+1 → S
n,n′
k,k′ be as in the last paragraph. If we define
Ψ : Sn,n
′
k,k′ r
(
{0} × Sn
′
k′
)
→ Sn−1k × S
n′+1
k′+1 , Ψ(η, µ) =
( η
|η|
,
(
|η|, µ
) )
,
thenΥ◦Ψ is the inclusion Sn,n
′
k,k′ r
(
{0}×Sn
′
k′
)
⊂ Sn,n
′
k,k′ andΨ extends to a diffeomorphism
Ψ˜ : [Sn,n
′
k,k′ : {0} × S
n′
k′ ]
∼
−→ Sn−1k × S
n′+1
k′+1
such that β
S
n,n′
k,k′
, {0}×Sn
′
k′
= Υ ◦ Ψ˜.
If we write by abuse of notation Sn
′
k′ for the image of {0} × S
n′
k′ in S
n+n′
k+k′ under the
permutation of coordinates described above, then we obtain a diffeomorphism
Ψ˜ : [Sn+n
′
k+k′ : S
n′
k′ ]
∼
−→ Sn−1k × S
n′+1
k′+1 .
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Proof. Let
β := β
Rnk×R
n′+1
k′
,{0}×Rn
′+1
k′
: [Rnk × R
n′+1
k′ : {0} × R
n′+1
k′ ]→ R
n
k × R
n′+1
k′ .
denote the blow-down map. Also, recall that the lifting β∗(Sn,n
′
k,k′ ) is defined as the closure
of β−1(Sn,n
′
k,k′ r {0} × R
n′+1
k′ ) in [R
n
k × R
n′+1
k′ : {0} × R
n′+1
k′ ]. Since
S
n,n′
k,k′ ∩
(
{0} × Rn
′+1
k′
)
= {0} × Sn
′
k′ ,
Proposition 2.13 gives a diffeomorphism
Φ : [Sn,n
′
k,k′ : {0} × S
n′
k′ ]
∼
−→ β∗(Sn,n
′
k,k′ ),
uniquely determined by the condition that is the inclusion on S
n,n′
k,k′ r {0} × S
n′
k′ . (That is,
the blow-up of S
n,n′
k,k′ along {0} × S
n′
k′ is diffeomorphic to the lifting β
∗(Sn,n
′
k,k′ ) of S
n,n′
k,k′ to
[Rnk × R
n′+1
k′ : {0} × R
n′+1
k′ ] via the blow-down map β := βRnk×R
n′+1
k′
,{0}×Rn
′+1
k′
.)
To identify more explicity the space β∗(Sn,n
′
k,k′ ), it is convenient to use the diffeomor-
phism κ : Sn−1k × [0,+∞) × R
n′+1
k′ → [R
n
k × R
n′+1
k′ : {0} × R
n′+1
k′ ] of Equation
(12) with the order of its arguments reversed. To start with, the blow-down map β :=
β
Rnk×R
n′+1
k′
,{0}×Rn
′+1
k′
is such that β1 := β ◦ κ satisfies
β1 := β ◦ κ : S
n−1
k × [0,+∞)× R
n′+1
k′ → R
n
k × R
n′+1
k′ ,
β1(z, r, x) = (rz, x).
We have that (z, r, x) ∈ β−11 (S
n,n′
k,k′ r ({0} × R
n′+1
k′ )) if, and only if ‖β1(z, r, x)‖ = 1
and r > 0. Assume that ‖β1(z, r, x)‖ = 1 and r > 0. Then ‖rz‖2 + ‖x‖2 = 1. Note
that z ∈ Sn−1k , and hence r
2 + ‖x‖2 = 1. This leads to (r, x) ∈ Sn
′+1
k′+1 ⊂ R
n′+2
k′+1 =
[0,∞)× Rn
′+1
k′ . We thus have
β−11
(
S
n,n′
k,k′ r ({0} × R
n′+1
k′
)
) = (Sn−1k × S
n′+1
k′+1)r ({0} × R
n′+1
k′ ) .
The closure of this set is Sn−1k × S
n′+1
k′+1 , and hence we obtain a diffeomorphism Φ1 :=
κ−1 ◦Φ : [Sn,n
′
k,k′ : {0}×S
n′
k′ ]
∼
−→ Sn−1k ×S
n′+1
k′+1 . ThatΥ◦Ψ is the inclusion follows from
the defining formulas. The relation β
S
n,n′
k,k′
, {0}×Sn
′
k′
= Υ ◦ Ψ˜ follows from the fact that they
are both continuous and they coincide on the dense, open subset S
n,n′
k,k′ r ({0}× S
n′
k′ ). This
shows thatΦ1 = Ψ on S
n,n′
k,k′ r({0}×S
n′
k′ ) and hence Ψ˜ := Φ1 is the desired extension. 
We now treat the basic case when the blow-up is defined, namely the simplest case when
we blow up by two p-submanifolds P and Q with Q ⊂ P . The case when of two disjoint
p-submanifolds was already treated in Lemma 3.7, so now we treat the remaining case,
that is, that one submanifold is contained in the other.
Lemma 4.10. Let us assume thatQ is a p-submanifold of P and that P is a p-submanifold
ofM . Then there exists a unique, smooth, natural map
ζM,Q,P : [M : Q,P ] :=
[
[M : Q] : [P : Q]
]
→ [M : P ]
that restricts to the identity onM r P . Moreover, the product map
BM,Q,P := (ζM,Q,P , β[M :Q],[P :Q]) : [M : Q,P ]→ [M : P ]× [M : Q]
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P
Q
M
[P : Q] ⊂ [M : Q]
[M : Q]
[
[M : Q] : [P : Q]
]
ζM,Q,P
[M : P ]
FIGURE 1. The blow-ups [M : Q],
[
[M : Q] : [P : Q]
]
, and [M : P ]
is proper in each component. The image of BM,Q,P is a weak submanifold in the sense of
Definition 1.12, and BM,Q,P is a diffeomorphism onto its image.
See Figure 4.3 for a local picture of these blow-ups in the example M = R2, P =
R× {0},Q = {0}.
Proof. The uniqueness of the map ζM,Q,P follows from the fact that it is the identity on
the dense subsetM r (P ∪Q). The statement is local, so, in view of Lemma 2.8, we can
assume that Q = {0}. That is, we can assume that
(22)

M := Rmkm × R
p
kp
P := {0} × Rpkp
Q := {0}
We have
[M : P ] = [Rmkm × R
p
kp
: {0} × Rpkp ]
= [Rmkm : {0}]× R
p
kp
≃ Sm−1km × [0,∞)× R
p
kp
= Sm−1km × R
p+1
kp+1
.
Its blow-down map is βM,P (x, t, y) = (tx, y).
On the other hand, we have (using the notation of Lemma 4.9):
[M : Q] = [Rm+pkm+kp : {0}] = S
m,p−1
km, kp
× [0,∞).
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Its blow-down map is βM,Q(x, t) = tx. Lemma 2.13 gives that the lift of P to [M : Q]
is P ′ := [P : Q] = {0} × Sp−1kp × [0,∞). Lemmas 2.8 and 4.9 (in this order) then give
canonical diffeomorphisms[
[M : Q] : P ′
]
≃ [Sm,p−1km, kp × [0,∞) : S
p−1
kp
× [0,∞)]
= [Sm,p−1km, kp : S
p−1
kp
]× [0,∞)
≃ Sm−1km × S
p
kp+1
× [0,∞) .
The blow-down map β[[M :Q]:P ] :
[
[M : Q] : P ′
]
→ [M : Q] is given, up to canonical
diffeomorphisms, by the map Υ × id, where Υ is as defined in Equation (21). Hence
Υ× id(φ, ψ, t) = (ψ1φ, ψ˜, t).
The desired map ζM,Q,P is then obtained from the blow-down map S
p
kp+1
× [0,∞)→
R
p+1
kp+1
= [0,∞) × Rpkp , that is ζM,Q,P (x, y, t) = (x, ty). In particular, it is proper. It
remains to check that this map is the identity onM r P . As we used for x ∈ M r P the
identifications x =̂ βM,Q(x) =̂ βM,P (x) =̂ β[M :Q],[P :Q](x), it is enough to check
(23) βM,P ◦ ζM,Q,P = βM,Q ◦ β[M :Q],[P :Q]
onM rP . As this calculation is local, we can again assume (22) and the concrete presen-
tations of βM,Q, βM,P (x) and β[M :Q],[P :Q] described above, (23) turns into
(24) βM,P ◦ ζM,Q,P = βM,Q ◦ (Υ× id)
on Sm−1km × S
p
kp+1
× [0,∞). Indeed for x ∈ Sm−1km , y = (y1, y˜) ∈ S
p
kp+1
⊂ Rp+1kp+1 =
R11 × R
p
kp
, t ∈ [0,∞) = R11 we have
βM,P ◦ ζM,Q,P (x, y, t) = βM,P (x, ty) = βM,P (x, ty) = (ty1x, ty˜) .
Together with
βM,Q ◦ (Υ× id)(x, y, t) = βM,Q(y1x, y˜, t) = (ty1x, ty˜) ,
this implies (24).
The map B is given in local coordinates by B(x, y, t) =
(
x, ty, (y1x, y˜), t) with differ-
entiable left inverse (x, z, (w1, w2), t) 7→ (x, (‖w1‖, w2), t). Hence by Corollary B.2 the
image of B is a weak submanifold and B is a diffeomorphism onto its image. 
Remark 4.11. Note that, in general, the image of the map BM,Q,P introduced in the proof
above is not a p-submanifold of [M : P ] × [M : Q]. Indeed, let us consider the case
whenM is the closed unit disk in R2, and let p and q be two disjoint points in the interior
of M . Let P := {p} and Q := {q}. We claim that the image N of B = BM,Q,P is
not a p-submanifold of M1 := [M : P ] × [M : Q]. Suppose N were a p-submanifold
of M1. As N is connected, the function depthM1(x) − depthN (x) is constant on N ,
see Remark 1.15. However, the map B sends the interior points of M r {p, q} to the
interior of M1 = [M : P ] × [M : Q], thus depthM1(x) − depthN (x) = 0 − 0 = 0 for
x = B(y) with y in the interior of M r {p, q}. On the other hand B maps the boundary
∂M = ∂(Mr{p, q}) to the corner ∂M×∂M of [M : P ]× [M : Q], which has boundary
depth 2 in M1 = [M : P ] × [M : Q]. Thus, if x = B(y), with y ∈ ∂M , we obtain
depthM1(x)−depthN (x) = 2−1 = 1. Therefore, the function depthM1(x)−depthN (x)
is not constant on N , and henceN is not a p-submanifold ofM1 = [M : P ]× [M : Q].
We conjecture that the image of BM,Q,P is a b-submanifold and a wib-submanifold. We
will discuss this in more detail in Remark 4.14.
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Using the similar result for disjoint manifolds, Lemma 3.7, we obtain the following
result. (Recall that our semilattices contain the empty set, but do not contain the ambient
manifoldM .)
Theorem 4.12. Let S = (Pj)j=0,1,...,k be a clean semilattice of closed p-submanifolds
of M (so ∅ ∈ S). Then, for each P ∈ S, there exists a unique smooth map φS,P : [M :
S]→ [M : P ] that is the identity onM r
⋃
Q∈S Q. These maps are such that the induced
map
BS := (φS,P0 , . . . , φS,Pk) : [M : S]→
k∏
j=0
[M : Pj ]
is proper in each component. Furthermore the image of BS is a weak submanifold of∏k
j=0[M : Pj ] in the sense of Definition 1.12 and BS maps [M : S] diffeomorphically
onto {M : S}, i.e. we have a diffeomorphism
BS : [M : S]
∼
−→ {M : S} .
Proof. We shall proceed by induction on the number k+1 of elements of S = (Pj)j=0,1,...,k.
We can assume that Pi 6= ∅ = P0 for all i > 0. (So k is the number of non-empty elements
of S.) The case k = 0 is trivial.
Case k = 1: If S has 1+ 1 = 2 elements, we have S = (∅, P ) and BS = (βM,P , id[M :P ])
so the claim is trivially satisfied, since the blow-down map is proper (Corollary 2.7).
Case k = 2: If S has 2 + 1 = 3 elements, we have S = {∅, Q, P} and we have Q ⊂ P or
Q ∩ P = ∅.
1) In the first subcase, that is, if Q ⊂ P , the result was already proved in Lemma 4.10,
with
BS := (βM,Q ◦ β[M :Q],[P :Q], β[M :Q],[P :Q], ζM,Q,P ) ,
that is, we have, φS,∅ = βM,Q ◦ β[M :Q],[P :Q], φS,Q := β[M :Q],[P :Q], φS,P := ζM,Q,P .
In particular, the fact that BM,Q,P = (β[M :Q],[P :Q], ζM,Q,P ) is a diffeomorphism onto its
image implies the same statement for BS .
2) Similarly, in the second subcase, that is, if Q ∩ P = ∅, the result was already proved in
Lemma 3.7, with BS = (βM,P∪Q, β[M :Q],P , β[M :P ],Q), i.e. all the components of BS are
given by blow-down maps. The diffeomorphism property for BS comes from the fact that
its restriction to [M rQ : P ] and [M r P : Q] has a component equal to the identity, so
it is a local diffeomorphism onto its image, which is at the same time injective and proper,
thus having a continuous inverse.
Case k ≥ 3: Let us now proceed with the induction step from k − 1 to k, that is, let us
assume that S has k + 1 elements P0 = ∅, P1, . . . , Pk. As always, the numbering of the
sets Pj is chosen to be compatible with the inclusion (an admissible ordering), meaning
that if Pi ⊂ Pj , then i ≤ j. In particular, P1 must be a minimal element of S r ∅ with
respect to the relation ⊂. For P := Pj ∈ S, 2 ≤ j ≤ k, we thus have P1 ⊂ P or
P1 ∩P = ∅, by the minimality of P1 in (P1, . . . , Pk) and by the fact that S is stable under
intersections. Let P ′ := [P : P ∩ P1]. Thus we have P ′ = [P : P1], if P1 ⊂ P , and
P ′ = P , if P1 ∩ P = ∅. We shall use the notation of Proposition 4.6 with P := P1, in
particular, Q′ := [Q : Q ∩ P1]. The semilattice S ′ =
(
P ′j := [Pj : Pj ∩ P1])j=1,...k of
Proposition 4.6 is then clean. Note that P ′1 := [P1 : P1 ∩ P1] = ∅ = ∅
′, and hence S ′ has
k elements. By the induction hypothesis, the map BS′ is a diffeomorphism onto its image.
The same property is shared by the maps
BM,P1,Pj :
[
[M : P1] : [Pj : P1]
]
→ [M : P1]× [M : Pj ]
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of the Lemmata 3.7 and 4.10. Let Φ := id×
∏k
j=2BM,P1,Pj and consider the composition
(25) [M : S] :=
[
[M : P1] : S
′
] BS′
−−−→
k∏
j=1
[
[M : P1] : [Pj : P1]
]
Φ
−→ [M : P1]×
k∏
j=2
(
[M : P1]× [M : Pj ]
)
.
The two maps of the composition are both injective immersions, and hence their compo-
sition is again an injective immersion. The desired map φS,Pj is the projection onto the
Pj-component. The projection of the composite map onto any of the factors is the identity
on M r
⋃
Q∈S Q. Note that all components with factors of the form [M : P1] (which
are repeated), yield the same projection, again because this projection is the identity map
on M r
⋃
Q∈S Q. By removing these repetitions, and by adding the iterated blow-down
map [M : S] → M we obtain the desired map BS , which is consequently also an injec-
tive immersion. The map BS , is proper in each component, and thus proper. It follows
from Corollary A.2 that BS is a homeomorphism to its image N := BS([M : S]). With
Proposition B.1 we see that N is a weak submanifold of
∏k
j=0[M : Pj ], and that BS is a
diffeomorphism onto N .
It remains to argue that N coincides with
{M : S}
(def)
= BS
(
M r
⋃
Q∈S
Q
)
.
For any x ∈ [M : S] there is a sequence (xi) in M r
⋃
Q∈S Q converging to x in
[M : S]. Thus
BS
(
M r
⋃
Q∈S
Q
)
∋ BS(xi)→ BS(x) ,
thus BS(x) ∈ {M : S}. It follows thatN ⊂ {M : S}.
Conversely, for y ∈ {M : S} there is a sequence yi = BS(xi) in BS
(
M r
⋃
Q∈S Q
)
converging to y in
∏k
j=0[M : Pj ]. Thus {yi | i ∈ N} ∪ {y} is compact, and by properness
of BS the set (
BS
)−1
({yi | i ∈ N} ∪ {y}) = {xi | i ∈ N} ∪
(
BS
)−1
({y})
is compact as well. As a consequence a subsequencexik has to converge to some z ∈ [M : S].
We conclude that
N ∋ BS(z) = lim
k→∞
BS(xik) = lim
k→∞
yik = y.
This yields {M : S} ⊂ N . 
Again, the image of the map BS is, in general, not a p-submanifold, see Remark 4.11.
We obtain the following corollary.
Corollary 4.13. Let S be a clean semilattice of closed p-submanifolds of M . If G is a
discrete group acting smoothly onM such that g(S) = S for g ∈ G, thenG acts smoothly
on [M : S] and the action commutes with the above homeomorphism BS .
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Proof. Let δ be the diagonal embedding δ(x) = (x, x, . . . , x) considered before. Theorem
4.12 gives that BS = δ on the dense open subset M r
⋃
Q∈S Q. Hence the image of
the map BS is contained in the graph blow-up {M : S}, by the definition of the later.
We know that BS is continuous and proper, and hence with closed image. This gives that
BS([M : S]) = {M : S}. 
Remark 4.14. It is natural to ask whether we can replace “weak submanifold” by “wib-
submanifold” or “b-submanifold” in Lemma 3.7, Corollary 3.8, Lemma 4.10, Theorem4.12,
and Equation (3). We conjecture that the submanifolds are both wib-submanifols and b-
submanifolds. It is obvious by the discussion above, that they cannot be d-submanifold,
and therefore they are not p-submanifolds. However, a proof – if it exists – of the wib- and
b-submanifold properties would require considerable additional work. We do no want to
carry this out here, as it is not needed for proving the main result of our article, namely
to prove that Georgescu’s compactification is homeomorphic to Vasy’s compactification.
Note that Georgescu’s compactification, see Definition 5.8,does not come equipped natu-
rally with a smoot structure, so it does not make sense to ask whether this homeomorphism
is a diffeomorphism.
5. APPLICATIONS TO THE N -BODY PROBLEM
5.1. Spherical compactifications. For any finite dimensional real vector space Z , recall
that SZ denotes the set of vector directions in Z , that is, the set of (non-constant) open
half-lines R+v, with 0 6= v ∈ Z and R+ := (0,∞). The disjoint union
(26) Z := Z ⊔ SZ
is then called the radial compactification of Z . For example, if Z = R, then Z :=
[−∞,∞] with the usual topology. The action of the group GL(Z) of linear automor-
phisms of Z extends, by definition, to an action on Z . Similarly, if Y ⊂ Z , then Y ⊂ Z .
In particular, Z is the union of all closed lines Rv, 0 6= v ∈ Z , with closure taken in Z .
In the existing literature, Z carries a topology and a smooth structure, and our next goal
is to recall their definitions. This will turn Z into a smooth manifold with boundary. For
notational purposes it is convenient consider the case Z = Rn first. There is a bijection
between the set of vector directions in Rn+1 and its unit sphere Sn. This allows us to
regard Sn1 := {(x1, x
′) | x1 ≥ 0} as a subset of the set of vector directions in Rn, where
we used the usual notation of Equation (5). Now, let us regard GL(Rn) as a subgroup of
GL(Rn+1) with the action on the last n variables. This yields an action ofGL(Rn) on Sn1 .
We have the following standard lemma (see also [15, 21]), where we denote, as usual,
〈x〉2 := 1 + ‖x‖2 = ‖(1, x)‖2.
Definition 5.1. We define a map Θn : Rn = R
n ⊔ SRn → Sn1 as follows. For x ∈ R
n we
defineΘn(x) :=
1
〈x〉(1, x) ∈ S
n
1 . For R+v ∈ SRn we defineΘn(R+v) :=
1
‖v‖ (0, v) ∈ S
n
1 .
The map Θn is well defined as R+v = R+w implies v = λw for some λ ∈ R+.
Note that the inverse of Θn is given by :
(27)
Θ−1n : S
n
1 ∋ (y0, y1, . . . , yn) 7→
1
y0
(y1, . . . , yn) ∈ Rn ,
Θ−1n (0, v) = R+v .
As Θn and its inverse are GL(R
n)-invariant, we have obtained the following lemma:
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Lemma 5.2. The map Θn of Definition 5.1 is bijective and equivariant for the actions of
GL(Rn) on Rn and on Sn1 .
We endow Rn with the structure of a smooth manifold (with boundary) that makes
Θn of Lemma 5.2 a diffeomorphism. This manifold structure on Rn extends the standard
manifold structure of Rn. We extend now this construction to any n-dimensional real
vector space Z in the usual way. First, choose a vector space isomorphism Z → Rn,
which yields bijections
Z
∼
−→ Rn
∼
−→ Sn1
which in turn can be used to define a smooth structure on the radial compactification Z
of Z . TheGL(Rn)-invariance of Lemma 5.2 above implies that this smooth structure does
not depend on the isomorphism Z → Rn.
5.2. Quotients and compactifications. In what follows, the role played byM in the pre-
vious sections will be played by the spherical compactification Z of a vector space Z . It
follows from the definition of the radial compactification and of its topology that if Y ⊂ Z
is a (linear) subspace, then Y ⊂ Z is a p-submanifold and SY = SX ∩ Y .
If Y is a proper linear subspace ofX , then there is a well-defined mapXrY → X/Y ,
which is the projection x 7→ x + Y on X and, at the boundary, it is given by R+x 7→
R+(xY ). We would like to extend it to a map X → X/Y , but this is not possible in a
continuous way. However after blowing up along SY we may do this in a natural way. In
fact, we have:
Proposition 5.3. The canonical surjection πX/Y : X → X/Y extends to a smooth map
ψY : [X : SY ]→ X/Y such that the induced map (βX,SY , ψY ) : [X : SY ] → X ×X/Y
is a diffeomorphism onto its image, and this image is a weak submanifold. Let G =
GL(X,Y ) ⊂ GL(X) be the group of linear isomorphisms X → X that map Y to itself.
Then ψY is G-equivariant.
Again we conjecture that one can prove much better submanifold properties for this
image, namely that it is both a wib-submanifold and a b-submanifold, but we omit this
discussion here.
Proof. In view of Lemma 5.2, we can assume X = Rn and Y = {0} × Rq . We will
write Sq−1 and Rq instead of {0}×Sq−1 and {0}×Rq, for simplicity. Recall that Lemma
4.9 yields a diffeomorphism Ψ˜ : [Sr,r
′
k,k′ : {0} × S
r′
k′ ]
∼
−→ Sr−1k × S
r′+1
k′+1. We shall use
this result for r = n − q + 1, r′ = q − 1, k = 1, and k′ = 0. Since Sq−10 = S
q−1 and
S
n−q+1,q−1
1,0 = S
n
1 we obtain the diffeomorphism
Ψ˜ : [Sn1 : S
q−1]
∼
−→ Sn−q1 × S
q
1 .
Let p1 : S
n−q
1 × S
q
1 → S
n−q
1 be the projection onto the first component.
By definition of the smooth structure on X , the map Θn : X → Sn1 = S
n−q+1,q−1
1,0 of
Lemma 5.2 is a diffeomorphism, and it maps diffeomorphically SY onto S
q−1. Then by
Lemma 2.2 we obtain a diffeomorphismΘβn : [X : SY ]→ [S
n
1 : S
q−1].
We define the composition
ψY : [X : SY ]
Θβn−−→ [Sn1 : S
q−1]
Ψ˜
−→ Sn−q1 × S
q
1
p1
−→ Sn−q1
Θn−q
←−−− X/Y ,
in other words
ψY :=
(
Θn−q
)−1
◦ p1 ◦ Ψ˜ ◦Θ
β
n : [X : SY ] → X/Y ,
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and we claim that ψY is the desired extension.
To prove the claim, recall that we defined Ψ˜ in Lemma 4.9 as the unique continuous
extension of the map
Ψ : Sn1 r S
q−1 → Sn−q1 × S
q
1, (η, µ) 7→
( η
|η|
,
(
|η|, µ
) )
,
where v ∈ Rn−q+11 and µ ∈ R
q. We write v ∈ X = Y ⊥⊕Y as v = (v⊥, vY ), i.e. vY ∈ Y
und v⊥ ⊥ Y which means v⊥ ∈ Y
⊥ = Rn−q × {0}. Then in the case v⊥ 6= 0 we have
Θn(v) =
1
〈v〉 (1, v) ∈ S
n
1 r S
q−1, and in this case we then calculate
Ψ˜ ◦Θn(v) = Ψ
( 1
〈v〉
(1, v)
)
=
( 1
〈vY ⊥〉
(1, vY⊥),
1
〈v〉
(〈vY ⊥〉, vY )
)
.
By continuity of the extension, this formula even holds for all v ∈ [Sn1 : S
q−1].
By formula (27) we have
(
Θn−q
)−1
(y0, y1, . . . , yn−q) =
1
y0
(y1, . . . , yn−q), if y0 > 0.
Finally, a straightforward calculation gives
Θ−1n−q ◦ p1 ◦ Ψ˜ ◦Θn(v) = Θ
−1
n−q
( 1
〈vY ⊥〉
(1, vY⊥)
)
= vY ⊥ = πX/Y (v) .
So ψY is indeed the desired extension of πX/Y .
The restriction of the map βX,SY to X r SY is a diffeomorphism onto its image. The
map (βX,SY , ψY ) : [X : SY ]→ X ×X/Y , when restricted to β
−1
X,SY
(SY ) := SN
X
+ SX ≃
SY ×X/Y becomes the inclusion map SY ×X/Y → X ×X/Y .
One can check that the differential of (βX,SY , ψY ) is injective also in the boundary
points. Thus, it is a injective immersion. It is defined a compact set, and thus a homeomor-
phism onto its image. Using Proposition B.1 we see that it is a weak submanifold. 
Remark 5.4. Let ψ := p1 ◦ Ψ˜, using the notation of the proof of the last proposition. We
thus have a commutative diagram
(28) [X : SY ]
ψY //
Θβn

X/Y
[Sn−11 : S
q−1]
ψ // Sn−q1
Θ−1n−q
OO
Remark 5.5. The extension ψY was also considered in [7, 9]. It satisfies the following
property. Let Y be a linear subspace of X . If xn ∈ X converges to x ∈ X and x /∈ SY ,
then xn + Y converges inX/Y to ψY (x).
5.3. Induced maps on C∗-algebras. The main motivation of our constructions was to
prove that certain spaces introduced by Georgescu and Vasy are naturally homeomorphic.
Georgescu’s construction is that of a spectrum of a commutative C∗-algebra [4, 5, 7],
whereas Vasy used blow-ups [21, 22]. Georgescu’s construction provides a topological
space, whereas Vasy’s construction defines a smooth manifold with corners. Thus a home-
omorphism is the best we can obtain, and this homeomorphism then equips Georgescu’s
conpactification with the structure of a smooth manifold with corners. To compare their
approaches, we need to recall a few facts about commutative C∗-algebras.
Definition 5.6. A C∗-algebra A is an algebra over C with a norm ‖.‖ and with a map
∗ : A→ A such that A is a Banach algebra and for every λ, µ ∈ C and a, b ∈ A, we have
(i) (a∗)∗ = a,
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(ii) (ab)∗ = b∗a∗,
(iii) (λa+ µb)∗ = λa∗ + µb∗,
(iv) ‖aa∗‖ = ‖a‖2.
The C∗-algebra is commutative if ab = ba for all a, b ∈ A.
The next definition provides, up to isomorphism, all examples of commutative and uni-
tal C∗-algebras.
Definition 5.7. For a compact and Hausdorff topological space Z let C(Z) be the algebra
of complex-valued continuous function on Z . We endow C(Z) with the involution f∗ = f
(the complex conjugation) and with the norm ‖f‖∞ = sup
z∈Z
|f(z)|. With this structure,
C(Z) is a commutative, unital C∗-algebra.
Give two vector spaces X and Y ⊂ X , the composition
X
πX/Y
−−−→ X/Y
incl
−−→ X/Y
induces by pullback an injective map C(X/Y )
π∗X/Y
−−−→ C(X).
LetX be a vector space and F be a finite semilattice of linear subspaces ofX ,X /∈ F ,
{0} ∈ F . We shall be interested in the induced semilattice S on the boundary:
(29) S := { SY = SX ∩ Y | Y ∈ F } .
Then ∅ ∈ S, as it corresponds to the subspace {0} ⊂ X that was assumed to be in F . As
in the Introducton, Equation (4), let ES(X) be the norm closed algebra generated by the
pullbacks of the spaces C(X/Y ) where Y runs over F . Then ES(X) is a C∗-algebra by
construction.
If A is a commutative C∗-algebra, we define its spectrum Spec(A) as the set of primi-
tive ideals of A. Recall that an ideal of A is primitive if it is the kernel of an irreducible
representation ofA and if A is commutative the set of primitives ideals and the set of max-
imal ideals coincides. A character of a C∗-algebra is a non-zero ∗-morphismA→ C. IfA
is a commutativeC∗-algebra, then there is a one-to-one correspondence between the char-
acters χ : A → C and the maximal ideals of A, given by χ 7→ ker(χ). The w∗ topology
on the space of characters defines a locally compact topology on Spec(A) and then yields
an isomorphism A → C0(Spec(A)). Similarly it yields for a locally compact Hausdorff
space M a homeomorphismM → Spec(C0(M)), sending x ∈ M to the maximal ideal
{f :M → C | f(x) = 0}, or equivalently, to the character ex, where ex(f) := f(x).
Definition 5.8. Let F be a finite semilattice of linear subspaces of the finite dimensional
vector space X as above. Then the spectrum Spec(ES(X)) of the algebra introduced in
Equation (4) is called Georgescu’s compactification ofX with respect toF or with respect
to S.
In [18], two of the authors of this paper, together with N. Prudhon, have proved the
following result.
Proposition 5.9. The spectrum Spec(ES(X)) of ES(X) is homeomorphic to the closure
of the image of X in the product
∏
Y ∈F X/Y under the “diagonal” map δ : X →∏
Y ∈F X/Y , δ(x) := (πY (x))Y ∈F . More precisely, the homeomorphism Φ : δ(X) →
Spec(ES(X)) is given as follows. Let z = (zY )Y ∈F be in the closure of δ(X). Then the
homeomorphism Φ sends z to the C∗-algebra generated by⋃
Y ∈F
{π∗X/Y f | f ∈ C(X/Y ), f(zY ) = 0}.
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In particular, this C∗-algebra is a maximal ideal in ES(X).
5.4. Identification of the Georgescu and Vasy spaces. If we apply Theorem 4.12 to the
setting of the current subsection, then the Y -component of the map BS in Theorem 4.12
is the map φS,SY : [X : S] → [X : SY ]. We then compose this map with the map
ψY : [X : SY ]→ X/Y defined in Proposition 5.3 to obtain the following result.
Corollary 5.10. The product map
(30) ΞS : [X : S] →
∏
Y ∈F
X/Y
of the composite maps ψY ◦ φS,SY : [X : S] → [X : SY ] → X/Y is a diffeomorphism
onto its image. (For Y = 0, the map ψY ◦ φS,SY = ψY ◦ φS,∅ is simply the blow-down
map [X : S] → X .) Let G be a discrete group of linear autormorphisms of X that map
elements of F to elements of F (thus g(S) = S for all g ∈ G). Then G acts on [X : S]
and the map ΞS is G-equivariant.
Proof. If we replace in the definition of ΞS the maps ψY with the maps (βX,SY , ψY ) ◦
φS,SY of Proposition 5.3, then the resulting map Ξ
′
S =
(
(βX,SY , ψY ) ◦ φS,SY
)
Y ∈F
is
a diffeomorphism by Proposition 5.3 together with Theorem 4.12. The map Ξ′S differs
from ΞS by simply repeating several times the factors β : [X : S] → X . The corollary is
obtained by keeping only one of these repeated factors, which still insures that the resulting
map is a diffeomorphism onto its image. The action of G and the fact that ΞS is G-
equivariant follow from the definition of ΞS and from Theorem 4.12. 
Combining Corollary 5.10 with Proposition 5.9, we obtain the following result.
Theorem 5.11. There exists a unique homeomorphism
Spec(ES(X)) ≃ [X : S]
that is the identity onX .
Proof. Let δ : X →
∏
Y ∈F X/Y be the diagonal map. Proposition 5.9 states that we
have a homeomorphism Spec(ES(X)) → δ(X). Corollary 5.10 states that the map ΞS
defined on [X : S] is a diffeomorphism onto its image. Since [X : S] is compact, the
image is closed. It moreover contains δ(X) as a dense open subset. Therefore [X : S] is
also homeomorphic to δ(X). 
We obtain the following description for the spaces introduced in [4, 5, 6].
Remark 5.12. In [4, 5, 6], Georgescu and his collaborators have considered the norm
closed subalgebra of functions AS of L
∞(X) generated by all the algebras C0(X/Y ).
This corresponds to potentials that have zero limit at infinity on X/Y . The spectrum
of this algebra (after adjoining a unit) identifies with the closure of the image of X in∏
Y ∈S(X/Y )
+, where Z+ denotes the one point compactification of a locally compact
space Z . Since AS ⊂ ES(X), we obtain that Spec(AS) is a quotient of Spec(ES(X)), and
hence also a quotient of [X : S], by Theorem 5.11. Generally, the topology on ÂS is rather
complicated and singular, see also [13, 14] for concrete examples when dim(X) = 2.
Example 5.13. In the concrete case of the N -body problem, we take X := R3N and
consider the subspaces
Yj := {x = (x1, x2, . . . , xN ) ∈ R
3N | xj = 0} and
Yij := {x = (x1, x2, . . . , xN ) ∈ R
3N | xj = xj} , i 6= j .
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Thus each xi ∈ R3. We let F be the semilattice generated by the subspaces Yi and Yij ,
i, j ∈ {1, 2, . . . , N}. Let S be the finite semilattice of p-submanifolds ofX as in Equation
(29). Then our results imply that [X : S] will be endowed with the following natural
smooth actions:
• ofX := R3N by translation,
• of SN , the symmetric group on N variables, by permutation, and
• of O(3) acting diagonally on the components ofX := R3N .
These actions are easy to obtain at the level of spectra of C∗-algebras or for the graph-
family blow-up, but more difficult to obtain geometrically using iterated blow-ups. In
particular, this explains the answer to the question of Melrose and Singer [17] provided in
[19].
APPENDIX A. PROPER MAPS
Let f : X → Y be a continuous map between two Hausdorff spaces. Recall that f is
called proper if f−1(K) is compact for every compact subsetK ⊂ Y .
Lemma A.1 (Generalizes [12, Prop 4.32]). Let f : X → Y be a continuous map between
two Hausdorff spaces with Y locally compact. If f is proper, then f is closed.
In [12, Prop 4.32] the lemma is stated with the additional requirement that X is locally
compact. However in the proof the locally compactness of X is not needed. Furthermore
we will apply the lemma only ifX is locally compact. Thus we omit the proof.
Corollary A.2. Let f : X → Y be a continuous injective map between two Hausdorff
spaces with Y locally compact. If f is proper, then f is a homeomorphism onto its image.
Proof. The map f : X → f(X) is bijective continuous and closed and thus a homeomor-
phism. 
We shall say that f is locally proper if, for every y ∈ Y , there exists an open neighbor-
hood Vy of y in Y such that the map f
−1(Vy)→ Vy induced by f is proper.
Lemma A.3. Let f : X → Y be a continuous map between two Hausdorff spaces with Y
locally compact. Then f is proper if, and only if, it is locally proper.
Proof. Clearly, every proper map is locally proper, by definition. Let us assume that f
is locally proper and let K ⊂ Y be a compact subset. For any y ∈ K we choose the
open neighborhood Vy as above (in the definition of a locally proper map). As Y is locally
compact, there is an open neighborhoodWy of y in Vy such that its closure W y in Y is
a compact subset of Vy . The local properness of f together with the choice of Vy implies
that f−1(W y ∩K) is compact. By the compactness of K we can coose y1, . . . , yN such
thatK is covered by
(
Wyj
)
1≤j≤N
. ThenK =
⋃N
j=1
(
W yj ∩K
)
. Then
f−1(K) =
N⋃
j=1
f−1(W yj ∩K)
is also compact. This completes the proof. 
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APPENDIX B. SUBMANIFOLD CRITERIA
Proposition B.1. Let N andM be manifolds with corners. Let f : N → M be a smooth
map which is an immersion and a homeomorphism onto its image. Then f(N) is a weak
submanifold of M in the sense of Definition 1.12, and f is a diffeomorphism from N to
f(N).
Proof. Note that the homeomorphism property implies that we have a local statement, i.e.
we can restrict to small neighborhoods in N andM to prove it. Without loss of generality
we can assume by passing to a chart of M that we haveM = Rnℓ , n = dimM . We will
show that f(N) is a submanifold of Rn. It is sufficient to do this on a neighborhood of p ∈
N with f(p) = 0. By choosing an appropriate chart forN , we can also assume that p = 0
and that N is an open neighborhood of 0 in Rn
′
ℓ′ , where n
′ := dimN = dim d0f(T0N).
We choose vectors v1, . . . , vn−n′ such that they form a basis of a complement of d0f(T0N)
in T0M ∼= Rn. We extend f to a smooth map
F : N → Rn−n
′
→M, F (q, t1, . . . , tn−n′) 7→ f(q) +
n−n′∑
j=1
tjvj .
Obviously d(p,0)F is an invertible linear map, and F can be extended to a smooth map
F˜ : B → Rn, defined on an open ball B around 0 in Rn. Thus F˜ is a diffeomorphism onto
its image on a small neighborhood V of (p, 0). By taking φ :=
(
F˜ |V
)−1
as a chart for
Rn, the conditions in Definition 1.8 are satisfied for k := 0, k′ := ℓ′, G = 1 ∈ GL(n,R).
Thus f(N) is a submanifold of Rn and thus a weak submanifold ofM .
In the chart φ constructed this way, the map f is a linear injective map and thus a
diffeomorphism onto its image. 
Corollary B.2. Let N and M be manifolds with corners. Let f : N → M be a smooth
map. If there is a smooth map F :M → N with F ◦ f = idN , then f(N) is a submanifold
ofM in the sense of Definition 1.12.
Proof. The relation idTxN = df(x)F ◦dxf implies that dxf : TxN → Tf(x)M is injective.
As F |f(N) is continuous, f is a homeomorphism onto its image. 
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